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Abstract 

We develop in this paper the theory of covers for Hausdorff prop- 
erly \/-definable manifolds with definable choice in an o-minimal struc- 
ture Af. In particular, we show that given an A^-definably connected 
Af-definable group G we have 1 — ► tti(G) — > G -^-> G — > 1 in the cate- 
gory of strictly properly \/-definable groups with strictly properly \/- 
definable homomorphisms, where ffi(G) is the o-minimal fundamental 
group of G. 
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1 Introduction 



Throughout this paper, TV will be an o-minimal structure and definable will 
mean TV-definable (possibly with parameters). We will assume the readers 
familiarity with the basic theory of o-minimal structures (see for example 

[EH)- 

In section 0, we will introduce several categories - properly \/-definable 
manifolds with (properly) \/-definable maps and properly \/-definable man- 
ifolds with strictly (properly) \/-definable maps - generalising the category 
of definable manifolds with definable maps. Properly \/-definable subsets of 
properly \J '-definable manifolds, which will play an important role, are intro- 
duced and several notions such as properly \/-definable cell decomposition, 
properly \/-definable completeness, properly \J '-definable connectedness, di- 
mensions and generic points are studied. These notions, generalise corre- 
sponding notions for definable subsets of definable manifolds and are shown 
to be invariant under the model theoretic operations of taking elementary 
extensions, elementary substructures, reducts and expansions. 

In section |^, we introduce the o-minimal fundamental group functor for 
the category of properly \/-definable manifolds with definable choice together 
with continuous strictly properly \/-definable maps. The construction of this 
functor is based on fc-cells (k — 0, 1, 2) with an orientation, and we prove that 
this functor satisfies all the relevant properties that one should expect for the 
fundamental group functor. Namely, the o-minimal Tietze and Seifert-van 
Kampen theorems are proved for properly \/-definably complete, locally fi- 
nite properly \/-definable manifolds with definable choice, generalising results 
from ||bo|| on o-minimal fundamental groups of definable sets in o-minimal ex- 
pansions of real closed fields. Moreover, the o-minimal fundamental group of 
a properly \/-definably complete, properly \/-definable manifold with defin- 
able choice is proved to be invariant under the model theoretic operations of 
taking elementary extensions, elementary substructures, reducts and expan- 
sions. In section f|, all the theory of strictly properly \/-definable covering 
spaces is developed in the category of properly \/-definable manifolds with 
definable choice together with continuous strictly properly \/-definable maps. 

Finally, in section |5| we apply our previous theory to \/-definable groups 
- which we prefer to call in this paper, strictly properly \J '-definable groups 
mainly for two reasons: first because we do not assume that M is Ki-saturated 
(as in Hpst2j1 , where part of the theory of \/-definable groups is developed) 
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and secondly because, as we show throughout the paper, the distinction be- 
tween properly \/-deflnable subgroups and \/-definable subgroups is a very 
important one, with a better theory in the first case. We start section |5] 
by developing the basic theory of strictly properly \/-definable groups: exis- 
tence of a properly \/-definable manifold structure making the group oper- 
ations and strictly properly \/-definable homomorphisms continuous (this is 
already implicit in ||pst2|| ); DCC for strictly properly \/-definable subgroups; 
existence of infinite strictly properly \/-definable abelian subgroups of infi- 
nite strictly properly \/-definable groups; existence of strictly properly \/- 
definable quotient of a strictly properly \/-definable group by a strictly prop- 
erly \/-definable normal subgroup and existence of a corresponding strictly 
properly \/-definable section; centerless strictly properly \/-definable groups 
with no strictly properly \/-definable normal subgroups of positive dimen- 
sion are shown to be the \/-definable open and closed subgroups of definably 
semisimple definable groups generated by open definable subsets and, the 
classification of solvable (and therefore by the above, of all) strictly properly 
\/-definable groups is reduced to the classification of properly \/-definably 
complete, strictly properly \/-definable solvable groups; existence of definable 
choice is proved for strictly properly \/-definable groups and the theory of 
strictly properly \/-definable coverings of strictly properly \/-definable groups 
is presented. 

There are two problems that we do not handle in this paper. The first 
is the classification of properly \/-definably complete, properly \/-definably 
connected, strictly properly \/-definable solvable groups. We consider this 
problem in more detail in fe"3|l . The second problem is the computation of the 
o-minimal fundamental group of a definable group (or even more generally 
of a strictly properly \/-definable group). We show here that such groups are 
abelian and finitely generated, and in je2[ where we compute the o-minimal 
fundamental groups of groups definable in o-minimal expansions of real closed 
fields, we reduce as well this problem to the problem of computing the o- 
minimal fundamental groups of definably compact, definable abelian groups. 
We show here that the o-minimal fundamental group vri(G) of a definably 
compact, definable abelian group G is a torsion-free finitely generated abelian 
group. We conjecture that the rank of 7r 1 (G) the equals the dimension of G. 
This problem however, can only be solved using a general cohomology theory 



for general o-minimal structures which we hope to develop in |e4 
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2 Properly \/-definable manifolds 



2.1 Properly \/-definable manifolds 

Definition 2.1 A properly \J -definable manifold (over A) of dimension m 
where A C X is such that \A\ < N , is a triple X := (X, (JQ,0j) i6 j) where 
{Xj : i G /} is cover of the set X with |/| < K x such that for each % G /, if 
h : = {j G / : Xi fl Xj 7^ 0} then we have injective maps 0j : Xj — > X m 
such that 0«(Xj) is an open definably connected definable set (over A), for 
all j G Ii, <pi{Xi H Xj) is an definable (over A) open subset of 0j(Xj) and the 
map 0jj : 0j(Xj fl Xj) — ► 0j(Xj fl Xj) given by 0^ := 0j o 0" 1 is a definable 
homeomorphism (over A). 

A properly \/-definable manifold (over A) of dimension m will be called 
a locally finite properly \J -definable manifold (over A) of dimension m if 

< K ; a properly \/-definable manifold (over A) of dimension m will be 
called a definable manifold (over A) of dimension m if |/| < N . 

For the rest of the section, let X= (X, (Xj, 0j)j e /) and Y = (Y, (Yj, V'jOjej) 
be properly \/-definable manifolds of dimension m and n respectively and 
defined over Ax and Ay respectively. Note that, X x Y = (X x Y, (Xj x 
Yj, (0j, ^j))i e ij e j) is then a properly \/-definable manifold of dimension mxn 
and defined over A x U Ay. 

Definition 2.2 Given Z C X let J z := {i G / : Z n Xj ^ 0} (necessarily 
< Ni) and for each i G J z , let Zj := Z n Xj. Let A x C 5 C X be 
such that |-B| < No- We say that Z is a properly \J -definable subset of X 
(over B) if for each i G J z , the set 0j(Zj) is a definable subset of 0j(Xj) 
(over 5); we say that Z is a definable subset of X (over B) if Z is a properly 
\/-definable subset of X (over 5) and there is a finite subset I of / such 
that Z C U{Xj : i G Jo}- Finally, we say that Z is a \J -definable subset of X 
(over B) if Z = U{Z S : s £ S 1 } where jS] < Ki and for each s G 5, Z s is is a 
definable subset of X (over B). 

Of course, a definable subset of X is a properly \/-definable subset of X, 
a properly \/-definable subset of X is a \/-definable subset of X and X is 
always a properly \/-definable subset of X. By a definable (resp., properly 
\/-definable and \/-definable) subset U of a \/-definable subset Z of X we 
mean a definable (resp., properly \/-definable and \/-definable) subset U of 
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X which is a subset of Z. Definable subsets of X have a very well behaved 
theory, induced from the theory of definable sets in N m . The collection of 
properly \/-definable subsets of X which is closed under finite unions, finite 
intersections and under taking complements, but not under the projection 
maps (in fact, general \/-definable subsets typically occur in this way -see 
the examples below), will also have a well behaved theory as we shall show 
throughout the paper. However, general \/-definable subsets do not have 
an interesting theory when Af is not Ni-saturated, consider for example in 
M= (M, <) the \/-definable subset Q of R. Fortunately, general \/-definable 
subsets will not play an essential role in the construction of o-minimal fun- 
damental groups and covers, so we will work most of the time without the 
Ki-saturation condition. 

Definition 2.3 Let Z be a properly \/-definable subset of X (over B). A 
map / : Z C X — > Y is a properly \J -definable map (over B) if its graph 
r(/) is a properly \/-definable subset of X x Y (over B). Similarly, we say 
that a properly \/-definable map / : Z — ► Y is a definable map (over B) if 
its graph r(/) is a definable subset ofIx7 (over B). And finally if Z is 
a \/-definable subset of X (over B) and / : Z — > Y is a map, we say that 
/ is a \J -definable map (over B) if Z = U{Z S : s G S} with \S\ < Ki, where 
for each s G S, Z s is a definable subset of X (over £>) and f\ z * is a definable 
map (over B). 

Note that: (1) / : Z C X — > Y is a properly \/-definable map (over B) 
iff for all 2 G J z , and for all j G J /(z,) , the map ipjofo^ 1 : 0j(Zj) — >■ V'jO'j) 
is a definable map (over B); (2) if / : Z — ► F is a properly \/-definable map 
(over B) then the image f(U) of a definable subset U of Z (over 5) is not 
necessarily a definable subset of F but a it is a properly \J '-definable subset of 
F (over fi) and therefore, the image f(U) of a (properly) \/-definable subset 
[/ of Z (over 5) is in general a \/-definable subset of F (over 5) (e.g., take 
M= (Q, <), J = N and X = U{Xi : % G /} with J*Q = {i}, J = {1} and 
y = F x = Q, and f(n) = £); (3) if / : Z — > F is a properly \/- definable 
map (over B) then the inverse image / _1 (1F) of a definable subset W of f(Z) 
(over 5) is not necessarily a definable subset of Z but a it is a properly \J- 
definable subset of Z (over B) and therefore, the inverse image f~ 1 (W) of a 
(properly) \/-definable subset W of /(Z) (over 5) is in general a \/-definable 
subset of Z (over 5) (e.g., take M= (Q, <), I = {!}, X = Xi = Q -°, J = N 
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and Y = U{Yj : j E J} with Yj = {j} and f(x) = 2k if x E (§, *±±) and 
/(|) = 2fc + l, where k E N and take VF = 2N+1) and (4) if / : Z C X — >■ F 
is a properly \/-definable map (over B) then, we have Z = Li{Z s : s E S} 
with \S\ < Ki, where for each s E S, Z s is a definable subset of X (over £?) 
and /i^s is a definable map (over B). 

Definition 2.4 Let Z be a properly \/-definable subset of X (over B). A 
properly \/-definable map f : Z C X — > Y (over B) is a strictly properly 
\J -definable map (over B) if for all ? G J z , /(Zj) is a definable subset of F. 
Finally, any \/-definable map / : Z C X — > Y (over B) is a strictly \/- 
definable map (over B) since we can write Z = U{Z S : s E S} with j^l < Ki, 
where for each s G 5, Z s is a definable subset of X (over B) and is a 
definable map (over _B) such that f(Z s ) is a definable subset of F. 

X can be made into a topological space: the basis for the topology is 
the collection of open definable subsets of X i.e., definable subsets U of X 
such that for all % E I u , 4>i{Ui) is an open definable subset of 0i(Xj). We 
will often identify two properly \/-definable manifolds X and Y if X = Y 
and the identity map lx '■ X — > Y is a strictly (properly) \/-definable 
homeomorphism. Y is a strictly (properly) \f -definable submanifold of X if 
F is a (properly) \/-definable subset of X, and the inclusion map F — > 
Y C X is a strictly (properly) \/-definable homeomorphism onto its image. 
The strictly (properly) \/-definable submanifolds Y of N n are called strictly 
(properly) \J -definable affine manifolds. 

2.2 Properly \/-definable cell decomposition 

In this subsection X will be a locally finite properly \/-definable manifold. 
There are many geometric properties of definable sets and definable maps 
in the o-minimal structure N '. However, two of the most powerful results 
that we will be using throughout this paper are the monotonicity theorem 
for definable one variable functions and the C p -cell decomposition theorem 
for definable sets and definable maps. We will now explain the C p -cell de- 
composition theorem (here p = if M is not an expansion of a (real closed) 
field) in order to introduce as well the notions of properly \/-definable C p -cell 
decomposition and o-minimal dimension of properly \/-definable subsets of 
X. 
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Definition 2.5 C p -cells and o-minimal dimension are defined inductively 
as follows: (i) the unique non empty definable subset of iV is a C p -cell 
of dimension zero, a point in N 1 is a C p -cell of dimension zero and an open 
interval in iV 1 is a C p -cell of dimension one; (ii) a C p -cell in N l+1 of dimension 
k (resp., k + 1) is a definable set of the form T(f) (the graph of /) where 
/ : C — > N is a C p -definable function and C is a C p -cell in N l of dimension 
k (resp., of the form (f,g)c '■= {( x iV) £ C x N : f(x) < y < g(x)} where 
f,g:C — > A" are definable C p -function with —oo<f<g< +00 and C is 
a C p -cell in N l of dimension k. The Euler characteristic E(C) of a C p -cell C 
of dimension k is defined to be (— 1) . 

Definition 2.6 A C p -cell decomposition of N m is a special kind of partition 
of N m into finitely many C p -cells: a partition of A^ 1 into finitely many disjoint 
C p -cells of dimension zero and one is a C p -cell decomposition of N m and, a 
partition of N k+1 into finitely many disjoint C p -cells C\, . . . , C m is a C p -cell 
decomposition of A^ fc+1 if vr(Ci), . . . , vr(C m ) is a C p -cell decomposition of N k 
(where 7r : A^ fc+1 — ► A^ fc is the projection map onto the first k coordinates). 
Let Ax, . . .Aft C A C N m be definable sets. A C p -cell decomposition of A 
compatible with Ai, . . . A^ is a finite collection Ci, . . . , Ci of C p partitioning 
A obtained from a C p -cell decomposition of N m such that for every G 
{1, . . . , k} X {1, . . . , 1} if Cj n At ^ then Cj C A- 

Fact 2.7 / CT/ Given definable sets A ± , . . . , A k C A C A^ m t/iere zs a C p - 
ceZZ decomposition of A compatible with Ai, . . . A^ and, for every definable 
function f : A — ► JV, AC N m , there is a C p -cell decomposition of A, such 
that each restriction f\c : C — ► A^ is C p for each cell C C A of the C p -cell 
decomposition. 

The o-minimal dimension dim(A) and Euler characteristic E(A) of a 
definable set A are defined by dim(A) = ma.x{dim(C) : C £ C} and 
E{A) = J2c&cE(C) where C is some (equivalently any) C p -cell decompo- 
sition of A. These notions are well behaved under the usual set theoretic 
operations on definable sets, are invariant under definable bijections and 
given a definable family of definable sets, the set of parameters whose fibre 
in the family has a fixed dimension (resp., Euler characteristic) is also a de- 
finable set. The cell decomposition theorem is also used to show that every 
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definable set has only finitely many definably connected components, and 
given a definable family of definable sets there is a uniform bound on the 
number of definably connected components of the fibres in the family. 

Remark 2.8 Let A, B C N m be definable sets and <p : A — ► B a de- 
finable homeomorphism. If C\, ...,C n is a cell decomposition of A then, 
4>(Ci), . . . , 4>{C n ) is a cell decomposition of B. 

Definition 2.9 Let A\, . . . , A n , B, Z be properly \/-definable subsets of X. 
Let 7 = {1,2, . . .} be an enumeration of 7. Define inductively (X^, Mj, Xj) 
for i G 7 by: X[ = X\, M\ is a cell decomposition of 4>i{X\) compatible with 
the definable subsets 0i(X x nl,-), <f>i{X\ H A{) and 0i(X x n Xj n A t ) for all 
Z G {1, . . . , n} and all j E 1%, and iVi = Mi (recall that for % E 7 , 7j := {? G 
7 : X n : ^ 0} is finite); let X' i+1 := X i+1 \ U{C : Br G {1, . . . , z}, 0r(<^) G 
Xj} and Mj + i is a cell decomposition of 0j + i(X l ' +1 ) compatible with the 
definable sets <p i+1 (X' i+l n X^), i+1 (X| +1 n A{) and i+ i(X- +1 n X 3 - n A t ) for 
all / G {1, . . . , n} and all j G 7 i+1 and such that X i+1 which is equal to M i+1 
together with all the cell in Nj for j G 7 i+1 fl{l, . . . , i} is a cell decomposition 
of i+ i(X m ). 

We define a properly \/-definable cell decomposition of X compatible with 
Ai, . . . ,A n to be a sequence X = {C : <fii(C) G Xj /or some i G 7} some 
{Xj : z G 7} like above. By a properly \/-definable cell decomposition of B 
compatible with Ai, . . . ,A n we mean a sequence K B = {C C B : C E K} 
for some properly \/-definable cell decomposition X of X compatible with 
At,..., A n , B. Note that if C G X then, for all j G 7 if C n Xj ^ then 
C C Xj and 4>j{C) is a fc-cell in (pj(Xj). If C C Z we say that C is a fc-cell 
(of X) in Z. 

From fact ^.7| and definition |2.9| we get: 

Fact 2.10 Given properly \J -definable subsets A\, . . . ,Ak CACI there is 
a C p -properly \J -definable cell decomposition of A compatible with A\, . . . Ak 
and, for every strictly properly \f -definable map f : A — > N, there is a 
C p -properly \J -definable cell decomposition of A, such that each restriction 
f\c '■ C — ► X is C p for each cell C C A of the C p -properly \J -definable cell 
decomposition. 
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There is no V"definable cell decomposition of general \/-definable subsets 
of X and there is no corresponding \/-definable cell decomposition theorem. 

If X is a properly \/-defmable but not locally finite properly \/-definable 
manifold, then there is no cell decomposition theorem for general (properly) 
\/-definable subsets of X, however if Z is a properly \/-definable subset of 
X for which there is a subset I' of I z such that: Z C U{Xj : % G I'} 
and for all i G the set {j G /' : X t fl Xj 7^ 0} is finite, then since 
Z is a properly \/-definable subset of the locally finite properly \/-definable 
manifold X'= (X', {X[, #) i6J /) where X' = U{X t ' : i G /'} and for each i G /', 
X[ = Xi and 0^ = Z will have a properly \/-definable cell decomposition 
relative to X'. Under these conditions, we will say that Z is a properly \j - 
definable subset of X with properly \J -definable cell decomposition. This fact, 
will allow us to talk above notions in properly \/-definable manifolds that 
involve the properly \/-definable cell decomposition. 

When M expands a real closed field, then we can use the definable tri- 
angulation theorem instead of the cell decomposition theorem. Below we 
include the definition of properly \/-definable triangulation of X compatible 
with finitely many properly \/-definable subsets. Similarly, all the notions 
that we define using cell decomposition have an analogue obtained by us- 
ing the definable triangulation theorem, and moreover the two versions are 
compatible. 

Definition 2.11 Let Si,...,Sk C S C N m be definable sets. A definable 
triangulation in N m of S compatible with Si, . . . , Sk is a pair ($, K) consist- 
ing of a complex K in N m and a definable homeomorphism $ : S — > \K\ 
such that each Si is a union of elements of $~ 1 (X). We say that ($, K) is 
a stratified definable triangulation of S compatible with Si, . . . , Sk if: m = 
or m > and there is a stratified definable triangulation (\&, L) of 7r( < S') 
compatible with ^(Si), . . . , 7r(<Sfc) (where ir : X m — > X" 1-1 is the projection 
onto the first m — 1 coordinates) such that ir\v e rt(K) '■ K — > L is a simplicial 
map and the diagram 

S $ \K\ 
n(S) ^ \L\ 

commutes. We say that ($, K) is a quasi- stratified definable triangulation of 
S compatible with Si, . . . , Sk if there is a linear bijection a : iV m — >■ N m such 
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that (aQa 1 ,aK) is a stratified definable triangulation of a(S) compatible 
with a (Si), . . . , a(Sk). 



Fact 2.12 jpJSdil Let Si,...,S k C S C X m 6e definable sets. Then, there 
is a definable triangulation of S compatible with Si,...,Sk- Moreover, if 
S is bounded then, there is a quasi- stratified definable triangulation of S 
compatible with Si, . . . , Sk- 



Definition 2.13 Suppose that M expands a real closed field and let A\, . . . , 
A n ,B,Z be properly \/-definable subsets of X. Let / = {1,2,...} be an 
enumeration of I. Define inductively (X[, Mi), iVj)) for i G I by: 
X[ = X\, (^i,Mi) is a definable triangulation of </>i(Xi) compatible with 
the definable subsets <pi(Xi fllj), 0i(^i PI Aj) and <pi(X l n Xj n A/) for 
all / G {l,...,n} and all j G h, and ($i,Xi) = (*i,Mi); let X' i+1 := 
X i+1 \U{C : 3r G {l,...,z}, r (C) G X} and be (* i+1 ,M i+ i) be a definable 
triangulation of <pi + i(X' i+1 ) compatible with the definable sets (f>i + i(X' i+1 fl 
X,), (t) i+ i(X' i+1 n Aj) and (^(X^ fl^fli;) for all / G {1, . . . , n} and all 
j G ij+i and such that (3>i+i, Xi+i) which is equal to Mj+i) together 

with all the (&j\, Nj) for j G ij+i Pi {1, ... ,i} is a definable triangulation of 

0i+l(Xj + i). 

By a properly \/-definable triangulation of X compatible with A\, . . . , A n 
we mean a sequence ($,X) = {($j,Xj) : i G 1} some iVi) : i G /} 
like above. By a properly \/-definable triangulation of i? compatible with 
Ai,...,A n we mean a sequence ($ B ,K B ) = {(A, L) G ($, X) : |L| C £} 
for some properly \/-definable triangulation ($, X) of X compatible with 
Ai, . . . ,A n ,B. Note that for each C G X such that 4>i(C) G Xj for some 
% G J, C is definably homeomorphic to a /c-simplex. If C C Z we say that C 
is a £;-simplex of (($, X)) in Z. 



2.3 Properly \/-definable completeness 

In this subsection X will be a properly \/-definable manifold. Recall that, 
by Q a Hausdorff definable manifold X is called definably compact if for 
every definable continuous map a : (a, 6) C X U {— oo,+oo} — > X the 

limits lim t >a + a(t) and lim t >b - a(t) exist in X. Here we will introduce the 

notion of properly \J -definable completeness for properly \/-definable subsets 
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of X, which coincides with the notion of definable compactness on Hausdorff 
definable manifolds. The notion of properly \/-definable completeness is 
invariant under taking elementary extensions, elementary substructures of 
M (containing the parameters over which X is defined) and under taking 
expansions of Af and reducts of Af on which X is defined. In particular 
this shows that the same holds for the notion of definable compactness of 
definable manifolds, solving in this way a question raised (and solved for the 
special case of affine definable manifolds) in jgi 



For a properly \/-definable subset Z of X, Z denotes the (topological) 
closure of Z in X and Z \ Z its boundary in X. Both Z and Z\Z are 
properly \/-definable subsets of X. Note that, if C C Xj is a cell in X then 
C is a disjoint union of cells in X and <pi(C) C N m is a disjoint union of cells 
in N m . Below it we be convenient to work with cell in [— oo, +oo] m . These 
cells are defined in the same way as the cells in N m with the convention that 
the new definable sets (and maps) are the sets (and maps) definable in the 
structure obtained from Af by adding the constant symbols — oo and +00. 
Its easy to see that the cell decomposition theorem also holds for this new 
structure and a cell in N m is also a cell in [—00, +00]. 

Definition 2.14 Let Z be a properly \/-definable subset of X. We say that 
a cell C in Z is definably complete (in Z) if for some (equivalently for all) i £ I 
such that C C X i: for every cell of 4>i(C) in [—00, +oo] m there is a unique 
cell in Z contained in C of the same dimension and such that the incidence 
relations among the cells of <f>i{C) in [— 00, +oo] m are preserved under this 
correspondence. We say that Z is properly \J -definably complete if for each 
/ G I z , there is a subset I 1 of I z such that X z = (X\ (X\, 4> l j) ieI i) where 
X 1 = U{X- : % G I 1 } and for each i G I 1 , X\ — X; and <p\ = 4>i is a locally 
finite properly \/-definable manifold and Z l := {Zi : i G I 1 } is a properly 
\/-definably subset of X 1 with a properly \/-definable cell decomposition Ki 
in X 1 such that every cell C of K\ in Z\ is definably complete in Z l . 



Theorem 2.15 If X is a Hausdorff properly \J -definable manifold and Z is 
a properly \J -definable subset of X, then Z is properly \j -definably complete 
iff for every definable continuous map a : (a, 6) C JVU {—00, +00} — ► Z the 

limits lim t >a + o~(t) and lim t >&- o~(t) exist in Z . In particular, the notion 

of properly \J -definably complete does not depend on the properly \J -definable 
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cell decomposition K\ of Z\ (I G I z ) and is invariant under taking elementary 
extensions, elementary substructures of jV (containing the parameters over 
which Z is defined) and under taking expansions of Af and reducts of N on 
which Z is defined. 

Proof. By o-minimality, its enough to show that a cell C C Xi in X is 
definably complete in X iff for every definable continuous map a : (a, b) C 
iV U {— oo, +00} — ► C the limit lim t yb - o~(t) exist in C. 

By o-minimality, lim t ^- °~(f) exists in fa(C) C [— 00, +oo] m (this 

notation means the closure in [—00, +oo] m ) and so there is a cell B C fa(C) C 
[—00, +oo] m containing this limit. If S C fa(Xi) then we are done, otherwise 
there is a cell D C C in A' which corresponds to S and there is j G / such 
that £> C X i; CCI ; n and lim t _ 6 - ^ o a(t) G 

Suppose that dim4>i(C) = k. Then there is a open fc-cell B C X fe de- 
finably homeomorphic to <fii{C) and by considering the definable sets 5 n 
7r^ 1 (x) for S = . . . , Zfc_i), 7r s : X fc — > X fc ~ x the projection onto the 
^-coordinates and x G n-s(B), we get a family of continuous maps <7£,z,r : 
(av,x,r,bz,x,r) — > C such that U{a^ Xjr (a^ x>r ,b^ X)r ) : E, x G 7Te(-B), r = 
1, . . . , Rt,,x}— C. Using the fact that all these definable continuous maps 
have limits in X and the fact that the definable continuous maps fa o o~-£,x,r 
have limits in fa(C) C [—00, +cxo] m the result follows. □ 

Note that, a properly Y-definable subset Z of X is properly \/-definably 
complete iff it is a (countable) union of definably complete (i.e., definably 
compact) definable subsets of X. We can use this to extend this notion to 
\/-definable subsets: we say that a V"definable subset Z of X is \J -definably 
complete iff it is a (countable) union of definably complete definable subsets 
of X. However, the \/-definable analogue of theorem |2.15| only holds if we 
assume Ki-saturation (consider again the case M= (Q, <))• 

Definition 2.16 A (properly) \/-definable subset Z of X is said to be (prop- 
erly) \J -definably compact if Z is (properly) \/-definably complete and X is 
Hausdorff. 

We will from now on, assume that every properly \J -definable manifold is 
Hausdorff. 
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2.4 Properly \/-definable connectedness 

Here, X will be a properly \/-definable manifold and Z a subset of X. 

Definition 2.17 If Z is a properly \/-definable subset of X. We say that Z 
is properly \J '-definably connected if there do not exist two disjoint (relatively) 
open properly \/-definable subsets of Z whose union is Z. Or equivalently, 
if there is no open and closed proper properly \/-defmable subset of Z. 

There is no interesting notion of \/-definable connectedness for general 
\/-definable subsets of X: in M= (Q, <), Q is as a definable set definably 
connected, but is not a "\/-definably connected" set since it is a disjoint union 
of the open \/-definable subsets (—00, v^2) and (V2, +00); in an Ki-saturated 
extension H— (N, <) of (M, <), the convex hull R of K. is a proper, open and 
closed \/-definable subset of the definable (and therefore also \/-definable) 
set N. Note also, that the complement of R in N is not \/-definable. 

Lemma 2.18 Let Z be properly \J -definable subset of X. Then Z is a count- 
able union of properly \J -definably connected properly \j -definable subsets. 

Proof. For each i G I z , we have Zi = U{Z it j : j = 1, . . . ,rrii} where 
for each j G {l,...,mj}, Z it j is a (closed and open) definably connected 
component of Zi. Let S := {(i,j) : i G I z ', j = 1, ...,mj}. Clearly (by 
Zorn's lemma) there are disjoint subsets St of S* with k e K such that 
5 = U{S k : k e K} and for each k <E K, Z k := U{Z S : s e S k } is a properly 
\/-definably connected component of Z. □ 

By o-minimility, if a : (a, 6) C TV — > X (with a < b) if a definable 
continuous injective map, then a total definable ordering <o- in <r(a, 6) is 
necessarily the ordering induced by either the ordering of (a, b) or the reverse 
ordering of (a, b). If E = (o-(a,b), < a ) is as above and < a is induced by 
the ordering of (resp., the reverse ordering) of (a, b) , we define the initial 

point infS of £ to be the point <r(a) := linn, >a + a{t) (resp., the point 

a (b) := lim t > b - o"(t)) and the final point of S denoted sup E to be the point 

a(b) (resp., a(a)). 

Definition 2.19 By a basic definable path in Z C X we mean either the 
constant path e x at x G Z or a definable totally ordered set £ = (X, < 2 ) 
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contained in Z such that E = <r((a, b)) for some continuous definable injective 
map a : (a, 6) C N — > X (with — oo < a < b < +00) and inf S, sup T, E Z. 
We call a : (a, 6) — > X a definable parametrisation of E; the support of E 
denoted by |E| is the closed set {inf E} U E U {sup E}; the inverse of the basic 
definable path E is the basic definable path E _1 := (E, <s-i) where for all 
s, t G S, s <s-i t iff t < 2 s. 

For convenience, if E is the basic definable path e x , we call o : — > X 
the definable parametrisation of E; x the support of E (denoted as well |E|); 
x the initial and final point of E (denoted as before inf E and supE); and 
E- 1 = E. 

Definition 2.20 A definable path in Z C X from x to y is a sequence 

E = Ei of basic definable paths Ej's in Z C X such that inf Ei = x, 

sup Y,i = y and for each % — 1, . . . , I — 1 we have sup Sj = inf Ej + i . x and 
y are also called the initial and the final point of E respectively (we use the 
notation x = inf E and y = supE); if inf E = sup E = z we say that E is 
a definable loop in Z C X at z; the sequence {<7j : % = 1, . . . ,/} where o~i 
is a definable parametrisation of Ej is called a definable parametrisation (of 
length /) of E; the support of E denoted |E| is U{|Ej| : i = 1,...,/}; the 

inverse of E is the definable path E^ 1 := E^ 1 E^ 1 in Z C X. We also 

have a natural definition of the product E • F of two definable paths E and T 
such that sup E = inf T. 

Finally, given two definable paths E = Ei E; and r = T\ Tk where 

Ej's and T/s are basic definable paths, we define E ~ T iff |E| = |T| and for 
alii = 1, ... ,1 and j = 1, . . . , k we have (Ej n r^, < s .) = (Ej n r^, < Tj ). This 
is an equivalence relation, and we will some times identify definable paths 
under this equivalence relation. If / : Z C X — > Y is a strictly properly 
\/-definable map and E is a definable path in Z C X from x to y, then 
o-minimality implies that up to ~, there a unique definable path / o E in 
f(Z) C Y from f(x) to f(y) with |/ o E| = /(|E|). 

Remark 2.21 Of course if M expands an ordered group then, for every 
definable path E in Z C X from x to y, we have |E| = r([a, b\) for some 
definable continuous map r : [a, 6] — ► X. If in addition, Af expands an 
ordered field then we can take [a, b] = [0, 1]. 
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Definition 2.22 We say that Z C X is definably path connected if for any 
two points y,z G Z there is a definable path in Z with initial point y and 
final point 2. Z C X is locally definably path connected if every point in Z has 
a definable open neighbourhood (in Z) which is definably path connected. 

Note that a properly \/-definably connected properly \/-definable subset 
Z of X is not necessarily definably path connected: take M— (Q, <), X = Q 2 
and Z = G Q 2 : < y < x} U {(0,0), (1, 1)} C X; However, because 

the support of a definable path in X is a definably connected definable subset 
of X, a definably path connected properly \J '-definable subset Z of X is 
properly \/-definably connected. 

We now introduce two definitions that will play an important role in this 
paper. First recall that if, U C X and Z C X be a definable subset of X 
and a properly \/-definable subset of X respectively. A definable family of 
definable subsets of U is simply a definable subset F of U x Y. Note that 
W := 7f(F) (where ir : X x Y — > Y is the projection onto Y) is a definable 
subset of Y and for each w G W the fibre F m :={«£(/ : (u, w) G F} is a 
definable subset of £7. We use the notation (F w ) we w. 

Definition 2.23 We say that a (properly) \/-definable subset Z of X has 
definable choice if for every definable family (F^),„ G iy of definable subsets 
of Z there is a definable map s : — > Z such that for every w E W , 
s(w) G F w . If moreover, for every definable family (F w ) wG w of definable 
subsets of Z there is a definable map s : W — > Z such that for every 
w,v G W 7 , s(w) G F„, and F w = F v iff s(u') = s(v) then we say that Z has 
strong definable choice. Note that, these notions are invariant under taking 
elementary extensions or elementary substructures of M which contain the 
parameter over which Z is defined. 



The next result was proved in [el] in the definable case. The proof there 



can easily be adapted to get the following 

Fact 2.24 If Z is a properly \j -definably complete properly \j -definable sub- 
set of X and (F w ) w& w is a definable family of definable closed subsets of 
Z , then there is a definable map s : W — > Z such that for all u, v G W , 
s{u) G F u and F u = F v iff s{u) = s(v). 
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Corollary 2.25 If f : X — > Y is a strictly properly \J -definable continuous 
map and Z is a definably compact definable subset of X , then f(Z) is a 
definably compact definable subset of f(X). 

Proof. If a : (a, b) — > f(Z) is a definable continuous map, then by 
fact |2.24| , there is a definable map s : (a, b) — ► Z, such that for each 
x G (a, b), s(x) G f~ 1 (a(x)). Now since Z is definably compact the limit 

lim x >a + s(x) (resp., \im x >6 - s(x)) exist in Z and, since / is continuous and 

a(x) = f(s(x)), the limit lim x >a + a(x) (resp., lim x >6 - a(x)) exist in f(Z). 

□ 

A properly \j -definable family of properly \] -definable subsets of Z is a 
properly \/-definable subset F C Z xY . Note that, for each G (/ x J) F , 
is a definable subset of F and W(;j) := tt(F^^) is a definable subset 
of Y. Consider the \/-definable subset W := U{W (iJ) : (i,j) G (J x J) F } 
of F. Then for each w & W the fibre F K := {« £ 2 : ( u , w ) ^ ^} is 
a properly \/-definable subset of Z. We use the notation (F W ) W £W . If for 
each w G W, F w is a definable subset of Z, then we say that (F w ) weW is a 
properly \f -definable family of definable subsets of Z. Finally, if Z is a \/- 
definable subset of X, by a \J -definable family of \J -definable (resp., properly 
\j -definable and definable) subsets of Z we mean a \/-definable subset F of 
ZxF such that if w E W where := n(F) then := {u G Z : (u, w) G F} 
is a \/-definable (resp., properly \/-definable and definable) subset of Z. 

Definition 2.26 Suppose that Z C X is a (properly) \/-definable subset. 
A (properly) \J -definable system of definable paths in Z is a (properly) \/- 
definable family rcZxZxZ such that for each (u, v) £ Z x Z, the fibre 
T UtV of r at (m, v) is a definable path in Z from w to v. We will often use the 
notation {T u v : u,v E Z} for a (properly) \/-definable system of definable 
paths in Z. 

Lemma 2.27 Let U C N k be an open definable subset with definable choice 
and let B be a definable subset ofU. Then B is definably connected iff B has 
a definable system of definable paths iff B is definably path connected. 

Proof. So suppose that B is definably connected. We prove the result 
by induction on k. The case k — 1 is obvious. Suppose that the result 
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holds in iV^'" 1 . We now prove it in N k . First suppose that B is a cell, and 
without loss of generality we can assume that B is an open cell in U C N k 
(for otherwise, dimB < k and B is definably homeomorphic to an open cell 
in V C jV dimS ) with V an open definable set defmably homomorphic to U. 
Then we have B = (f,g)c where C is the projection of B in N h and f,g : 
C — ► N U {— oo, +00} are continuous definable functions such that / < g. 
Since C is defmably connected, it has a definable system {T^ v : u,v G C} 
of definable paths in C. By definable choice and cell decomposition, there is 
a cell decomposition Ci, . . . , C m of C such that for i = 1, . . . , m — 1 either 
C!j intersects the closure of Cj+i or C»+i intersects the closure of Cj, together 
with definable continuous injective maps p, : Ci — > 5 such that 7r o p^ = l c . 
where 7r : A^ fc — > iV fe_1 is the projection onto the first k — 1 coordinates. The 
cell decomposition Ci, . . . , C m of C induces a cell decomposition Si, ... , S m 
of -B such that for 2 = 1, . . . , m — 1 either £?j intersects the closure of -Bj+i 
or B i+ i intersects the closure of B; L . Taking the products of "vertical paths" 
together the definable path in the definable system {pi ^.^ Pi r v \ '■ u, v G Ci} 
of definable paths in Pi(Ci), its clear that each Bi has a definable system of 
definable paths. On the other hand, by definable choice in U, there is a 
definable path in Bi U Bi + \ connecting a point of Bi with a point of Bi + \ 
therefore, B has a definable system of definable paths. 

If B is not a cell, then B is a union of cells C\, . . . , C& where for each 
i < k, either Cj intersects the closure of C+i, or Cj + i intersects the closure 
of Ci and so, by definable choice in U, there is a definable path in Ci U Cj + i 
connecting a point of Cj with a point of Cj+i. Since the result holds for each 
Ci, it also holds for B. 

Clearly, if B has a definable system of definable paths, B is defmably 
path connected. The above argument and cell decomposition show that if B 
is defmably path connected then B is defmably connected. □ 



Proposition 2.28 Suppose that Z is a properly \J -definable subset of X with 
definable choice. Then Z is properly \J -definably connected iff Z has a prop- 
erly \j -definable system of definable paths iff Z is definably path connected. 

Proof. For each i G I z , Zi = \j{Zi t i, . . . Z i m .} where for each j G 
{1, . . . , rrii}, Zij is a definably connected component of Z^ Let S := {(i, j) : 
i G I z , j = 1, . . . , 77ij}. Then by lemma |2.27|, for each s G S, there is a 
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definable system {T* y : x, y G Z s } of definable paths in Z s . Let z G Z and for 
each s E S, let £ s G Z s . To finish its enough to find definable paths IYs from 
z to z s . Let R be the subset of S of all s's for which T s exists. By the above, 
both IJsei? and Uses\.R ^ s are disjoint open properly \/-definable subsets 
of Z whose union is Z. Therefore, Z is properly \/-definably connected iff 
R = S iff Z has a properly \/-definable system of definable paths iff Z is 
definably path connected. □ 



2.5 Dimension of \/-definable subsets 

The results in this subsection are obtained by easy modifications of similar 
results from |pl] for definable sets and definable maps. 

Lemma 2.29 Let Z C X be a properly \J -definable subset of X (over B) 
and define the dimension dimZ of Z to be ma,x{dimZ i : i G I z }. Then 
the following holds: (1) for k < m, dimZ > k iff there is i G I z such that 
dimZi > k iff some projection of <fii{Z,j) onto N k has interior in N k iff there 
is a definable equivalence relation on Z^ (over B) infinitely many equivalence 
classes of which have dimension > k — 1 iff there is a definable subset Ui 
of Zi ( over B ) such that dimUi > k — 1 and Ui has no interior in Z iff 
there is a properly \f -definable subset U of Z such that dimU > k — 1 and U 
has no interior in Z iff there is a properly \J -definable equivalence relation 
on Z with properly \J -definable classes and with infinitely many classes of 
dimension > k — 1 on some Z^; (2) if f : Z — > Y is a (strictly) properly 
\j -definable injective map then for each i G I z , dimZi = dimf(Z i ); (3) if 
{Z s : s G S} with \S\ < K is a collection of properly \J -definable subsets of 
X then, dim(U{Z s : s G S})= m&x{dimZ s : s G S} and (4) if (F w ) we w a 
properly \J -definable family of (properly) \J -definable subsets of Z (over B) 
then, the set {w G W : dimF w = k} is a \f -definable subset ofW (over B). 

Proof. (1) The first equivalence follows from the definition; the second 
equivalence is lemma 1.4 in fpl| |; the third equivalence, is proposition 1.8 in 



[pil ; the fourth equivalence is proposition 1.9 in |plj| ; the fifth equivalence 
follows from the previous ones by taking U := U{£/j : i G I'} where I' is the 
subset of I z of all i's such that dimZi > k. Now suppose that there is a 
properly \/-definable subset U of Z such that dimU > k — 1 and U has no 
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interior in Z. By the above, we can assume without loss of generality that for 
each % G I u , dimUi > k— 1 and Ui has no interior in Z. Consider the following 
properly \/-definable equivalence relation on Z given by: x ~ y iff x, y G 
U{Zj : z G J 17 } and there are {z'i, . . . , z m } C J 17 and {x = x%, x 2 , ■ ■ ■ x m = y} 
C U{Zj : z G J* 7 } such that for each j = 1, ... , m — 1, we have x, ~j. x.,- 
where ~j. is the definable equivalence relation on Zi, given by the fourth 
equivalence, or otherwise. Then, ~ is a properly \/-definable equivalence 
relation on Z with properly \/-definable classes such that for some z G I z , ~ 
has infinitely many classes of dimension > — 1 on some Zi. The converse 
is immediate, by definition of dimZ and previous equivalences. 



Finally, (2) and (3) are lemma 1.5 in ||pl|| , and (4) follows from lemma 



1.6 in El. □ 



Recall that, given A C N, a G N is in the (model theoretic) algebraic 
closure of A denoted a G acl(A), if a lies in a finite set definable over A, 
equivalently, a is in the definable closure of A denoted a G dcl(A) i.e., {a} 
is definable over A. We obtain in this way an operator acl(-) : V(N) — > 
V(N), where V(N) is the set of all subsets of N. By the monotonicity 
theorem and uniform bounds, we get (see JFT5T]) that Af is a geometric 



structure i.e., for any formula 0(x, y) there is n G N such that for any b G N l , 
either <p(x, b) has less than n solutions in N m or it has infinitely many, and 
(N, acl(— )) is a pregeometry (which means that acl(-) : V(N) — > V(N) 
satisfies the following: (i) if i C Af then A C acl(A), (ii) if A C N and 
a G acZ(A) then, there is a finite I? C A such that a G acl(B), {Hi) if A Q N 
then ad(acZ(yl)) = acZ(A) and (iv) if a, 6 G AT, A C iV and 6 G ac/(v4, a) then 
either 6 G acZ(A) or a G acZ(A, b) (exchange principle). 

Lemma 2.30 For B C N and a G N m let dim{a/B) := min{|a'| : a' C 
a, a C acliB U a')}. If Z C X is a properly \J -definable subset of X (over 
B) then dim(Z) = max{<izm(0j(a) / B) : a G Zi, i G J 2 }. 

Proof. This follows from the definition of dimZ and the corresponding 
result for definable sets, see lemma 1.4 in |[pl|| . □ 



This approach gives a rise to a good notion of dimension for general V" 
definable subsets of X when M is Ki-saturated and which is coherent with 
the definition of dimension for properly \/-definable subsets (for details see 
where the definable case is treated): 
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Lemma 2.31 Suppose that M is ^-saturated and let Z C X be a \/- 

definable subset of X (overB). Let dimZ:= ma.x{dim(<j)i(a) / B) : a G Zi, i G 
I z }. Then the following holds: (1) for k < m, dimZ > k iff there is a de- 
finable subset W of Z such that dimW > k iff there are i G I w such that 
dimWi > k iff some projection of<j)i(Wi) onto N k has interior in N k iff there 
is a definable equivalence relation on Wi (over B) infinitely many equivalence 
classes of which have dimension > k — 1 iff there is a definable subset Ui of 
Wi ( over B ) such that dimUi > k — 1 and Ui has no interior in Z iff there is 
a V -definable subset U of Z such that dimU > k — 1 and U has no interior 
in Z iff there is a \f -definable equivalence relation on Z with \j -definable 
classes and with infinitely many classes of dimension > k — 1 on some de- 
finable subset W of Z; (2) if f : Z — > Y is a (strictly) \j -definable injective 
map then dimZ = dimf(Z); (3) if {Z s : s G S} with \S\ < Ki is a collection 
of \/- definable subsets of X then, dim(U{Z s : s G 5'})= max{dimZ s : s G S} 
and (4) if (F w ) weW is a \J- definable family of \/- definable subsets of Z (over 
B) then, the set {w G W : dimF w = k} is a \f -definable subset of W (over 
B). 



in 



Proof. (2) and (3) are lemma 1.5 in ||pl|| , and (4) follows from lemma 1.6 
Using this and the fact that Z = U{Z S : s G S} with \S\ < N x and 
for each s G S, Z s is a properly ^-definable subset of X, (1) follows from 
the corresponding result for properly \/-defmable subsets of X. □ 

Given properly \/-defmable subsets V C Z C X, we say that V is large 
in Z if dimiZ \ V) < dimZ . Lemma 1.6 in |[pl|j implies the following result: 



Lemma 2.32 Let Z C X be a properly \J -definable subset of X (over B). If 
(F w ) we w is a properly \J -definable family of properly \J -definable subsets of 
Z (over B) then the set {w G W : F w is large in Z} is a \J -definable subset 
of W (over B ). 

If Z C X is a (properly) \/-defmable subset of X (over B) and a G Z 
then, we say that a is a generic point of Z over B if dim(<j)i(a) / B) = dim(Z) 
for some (for every) i G I z such that a G Zi. Note that if Af is Ki-saturated, 
then generic points of Z over B exist. The following is an easy consequence 
of the definitions: 
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Lemma 2.33 Let V C Z C X be properly \J -definable subsets. Then V is 
large in Z iff for every B over which V , Z and X are defined, every generic 
point of Z over B is in V . 

In general, given \/-definable subsets V C Z C X, we will say that V is 
large in Z iff for every B over which V, Z and X are defined, every generic 
point of Z over B is in V. It easy to see that with this definition, we also 



get the analogue of lemma |2.32| for \/-definable subsets 



3 The fundamental group 

Throughout this section, X= (X, (Xj,0j) ie /) and Y (Y, (Yj,^j)j e j) will be 
properly \/- definably connected properly \/-definable manifolds with defin- 
able choice and of dimension m and n respectively. Note that, although we 
work in this section in the category of properly \/-definable manifolds with 
strictly (properly) \/-definable continuous maps, all the results we present 
here also hold in the category of properly \/-definable topological spaces 
with corresponding strictly properly \/-definable maps, where by a properly 
\/-definable topological space we mean a properly \/-definable subset of a 
properly \/-definable manifold with the induced topology. In fact, as one 



can easily check, these results, except those from subsection [O] which use 
the properly \/-definable cell decomposition theorem, also hold under the as- 
sumption that M is Ki-saturated, in the category of \/-definable topological 
spaces with corresponding strictly V"definable continuous maps, where by 
a \/-definable topological space we mean a \/-definable subset of a properly 
\/-definable manifold with the induced topology. 



3.1 The fundamental group 

Definition 3.1 A fc-cell (k = 0,1,2) with an ordered numbering of the 0- 
cells in X is a pair (H, (h) where if is a definably complete fc-cell in X and 
(h is a numbering of the 0-cell of H (the "corners of if") which induces an 
orientation of the boundary H \ H of H. Note that \(h\ is the number of 
0- cells in H. 

Given n6l, the function [n] : {1, . . . , 2n} — > {1, . . . , n} is defined by: 
[n] (m) = m if m < n and [n] (m) = m — n otherwise. 
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Definition 3.2 Let (H,(h) be a /c-cell (k = 0,1,2) in Xi with an ordered 
numbering of the 0-cells. The special basic definable paths of (if, (h) are the 
basic definable paths h it j in H \ if joining the 0-cell i to the 0-cell j where 
i — 1, . . . , \(h\ and j = i or j = [|C#|](* + !)• The special definable paths of 
(if, (h) are the following definable paths: (1) special basic definable path of 
(H,Ch)] (2) h k>k ■ h kJ and h kJ ■ h jd ; (3) h k ^ k+1) ■ /i[|c H |](fc+i),[|^|](fe+2) 

/i[|CH|](fc+j-i),[|Cfr|](fc+j) for ^, j e {1, • • • , |Ch|}| and ( 4 ) where s is a special 
definable path of (if, ChO- 

We say that two definable paths £ = Si £; and r = I\ 

in X are adjacent if for all j = 1, . . . , I £j and are definable paths with 
|Sj|, \Yj\ C X^. 

Definition 3.3 Given two definable paths S and T in X, we define S ~° T 
iff one of the following holds: (1) there is (H,(h) a /c-cell (k = 0,1,2) in 
Xi with an ordered numbering of the 0-cells and there are special definable 
paths £' and V of (H,(h) such that S ~ E', T ~ T', infS' = infT and 
sup £' = sup T', in this case we call if a frasic definable pre-homotopy and we 

write £ T; (2) there are two adjacent definable paths £' = £i £/ and 

r' = Ti Ti in X such that £ ~ £' and T ~ T', and there is a sequence 

if = {Hj : j = 1, . . . , /} of basic definable pre-homotopies £j ~° H . Tj. 

If (1) or (2) holds, we write £ ~° H T and say that H is a definable pre- 
homotopy of £ and T. 

Finally we are ready to the define the notion of definable homotopy be- 
tween definable paths in X. Note that, by the definition of ~°, if £ ~° V 
then we have inf £ = inf Y and sup £ = sup Y. 

Definition 3.4 Given two definable paths £ and r in X we define £ ~ Y 
iff one of the following holds: (1) there is a sequence of definable paths 
{£,- : j = 1,...,/} such that £i ~ £, £; ~ Y and there is a sequence 
H = {Hj : j = 1, ...,/ — 1} of definable pre-homotopies £,• ^j+ii m 
this case we write £ ~h Y and say that if is a definable homotopy with fixed 
endpoints of £ and Y; (2) there are definable paths Ai and A2 such that 
£ ~h Ai • r • A2 for some definable homotopy with fixed endpoints H . 

If (1) or (2) holds, we write £ ~h Y and say that if is a definable homotopy 
of £ and Y. 
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Definition 3.5 Suppose that E ~b T with B = {Bi : % — 1, . . . , n}, Sj 
Ej+i for i = 1, . . . , m — 1 and £ ~ Si and T ~ £ m is a definable homotopy. 
The support \B\oi the definable homotopy B is the union of the closure of all 
/c-cells (k = 0, 1, 2) in 5. Let if be a finite collection of properly \/-definable 
sets in X . A refinement B' of B respecting K is a definable homotopy £ T 
obtained by taking a cell decomposition of |.B| compatible with the definable 
sets: |Ej|, all the cells in the closure of Bi and B^N for alH e {1, . . . , n} and 
all definable sets iV of if, and modifying the definable homotopy B by adding 
the new /c-cells (A; = 0,1,2), modifying the definable paths Ej and enlarge 
the list. We will often identify two definable homotopies B and B' under the 
equivalence relation B ~ B' iff B and 5' have a common refinement. 

If E ~h r and inf E = inf T we say that E and T are definably homotopic 
with fixed initial point denoted E ~ H r(re/{inf}). Similarly we define de- 
finably homotopic with fixed final point and definably homotopic with fixed 
end points and call H a definable homotopy with fixed final point, end points 
respectively and write E ~ H r(re/{sup}) and E ~ H T(re/{inf, sup}). As be- 
fore, we sometimes omit the subscript H in More generally and similarly, 
given properly \/-definable subsets A and B of X, we can define the notion 
of relative definable homotopy of definable paths E and T with initial point 
in A and final point in B, denoted E ~ H T(rel{A, B}). It follows easily 
from the definitions that all these relations are in fact equivalence relations, 
we denote the set of equivalence classes by tt\ (X, A, B) and the equivalence 
class of E is denoted by [£]. As usual, we write iri(X, A) for ni(X, A, A) and 

TTl(X,x) for 71"! (X, {x}). 

Lemma 3.6 Let E and T be two definable paths in X and let f : X — > Y be 
a strictly properly \j -definable continuous map. If E ~ T then f o £ ~ / o T. 

Proof. The proof is of course by induction on the definition of ~. There 
result will therefore follow, if we prove it in the case where there is (H, 
a A;-cell (k = 0, 1,2) in X^ with an ordered numbering of the 0-cells, and E 
and T are special definable paths of (H, (h) such that E ~° H T. 

Let J' be a finite subset of J such that f{H) C {Yj : j e J'}. If k = 0, 1 
the result is obvious, so we can assume that k = 2. We now prove the result 
by induction on | J'\. 

Suppose that \J'\ = 1. Then using the fact that there is a definable 
homeomorphism p : (g,h)( a ^) C N 2 — > H where g, h : (a, b) — ► N are 



23 



definable continuous maps such that g < h, and using cell decomposition its 
easy to see that there is a cell decomposition C of f(H) such that /oS ~c fo 
F: Let K be a cell decomposition of f{H), then there is a cell decomposition 
K' of /J such that for each cell B G K', f(B) is a cell in f{H). Take C to be 
the cell decomposition of f(H) compatible with K and each cell f(B) where 
B G K'. 

For the case \J'\ > 1, we first show that there is a cell decomposition 
C = {Ci, . . . , Cq} of if such that E ~ c T and for each % = 1, . . . , q there is 
j G J' such that Ci QYj. Let if = {i^i, . . . , K p } be a cell decomposition of 
H compatible with the definable sets f~ l (f(H) n Y}) where j G J'. Using 
p and o-minimality we can refine the cell decomposition K if necessary, by 
adding points a = a\ < a2 < ■ ■ ■ < a t = b to [a, b] to get a cell decomposition 
C such that: each 0-cell in C is a 0-cell of some [p o g{aj),p o /i(aj)]; each 
1-cell in C is either a subinterval of some [p o g(a,i),p o h(a,i)] or the graph 
of a definable continuous injective function po k : (a^, a«+i) — >■ if; and each 
a 2-cell in C is of the form p((k, k')( auai+1 )) for some definable continuous 
injective functions k,k' : (ai,a,i+i) — >■ p^i^H) such that k < k! . Its clear 
now that this (refined) cell decomposition C of H satisfies the claim. 

Therefore, we have reduced the case \ J'\ > 1 to the case where, S ~c T 
and each definable pre-homotopy Ej ~^ r« which occurs here is such that 
/(Ci) ^ f° r some j. But then, induction and the case | J'\ — 1 proves the 
result for \J'\ > 1. □ 

Given Ai, . . . , CI' and B\,...,Bi CY' properly \/-definable subsets 
of X and Y respectively and a continuous strictly properly \/-definable map 
/ : X' — ► V such that /(A) C ^, we write / : (X', A 1: . . . , A t ) — ► 
(Y 1 , B 1 ,...,B l ) (if I = 1, Ax = {x} and Bi = {y} we write / : (X', x) — > 

(Y',y)). 

Theorem 3.7 7Ti zs a covariant functor from the category of pointed prop- 
erly \/ -definable manifolds into the category of groups. 7Ti(X,x) is a group 
called the definable fundamental group of X at x with the product defined by 
[E][r] := [E • r] and given strictly properly \j -definable map f : (X,x) — >■ 
(Y,y), 7Ti(/) (which is denoted f\) is defined by /*([S]) = [/oE]. Moreover, 
ni(X x Y, (x, y)) ~ 7Ti(X, x) x 7Ti(Y, y) and, if there is a definable path in X 
from Xq to Xi, then ni(X,x ) ~ 7Ti(X,Xi). 
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Proof. It follows easily from the definition of definable homotopy of 
definable paths that Try (X, x) is in fact a well defined group with identity [e x ] 
and the inverse [£] _1 of [E] given by [£ -1 ]. The fact that /* : vr 1 (X, x) — > 
7Ti(Y,y) is well defined follows from lemma |3.6| , and /* is a homomorphism 
since/o(£.r)~(/o£).(/or). 

Let be a definable path from xq to xy. Its easy to see that the map 
A : ni(X,x ) — ► 7Ti(X,a;i) given by A([£]) := [6 ■ E ■ is a well defined 
isomorphism. 

The isomorphism 7Ti(X x Y, (x, y)) ~ ffi(X, x) x 7iy(Y, y) is easy to verify: 
let tt x : X xY — > X and 7r r : X x K — > Y be the natural projections, and 
let i x : X — > 1x7 and z y : Y — > X x Y be given by := (u, y) and 

i Y (v) := (x, f ) respectively; let (3 : 7Ti((X x Y), (x, y)) — > tti(X, x) x 7Ti(F, y) 
be given by /?([£]) := (vrf ([E]), < ([E])) and let a : 7n(X,x) x m{Y,y) — > 
7n((X x F, be given by a([E], [r]) := zf ([E]) • ^([T]). Then clearly, 

P o a = l 7ri (x,x)x7ri(y,j/) an d therefore, (3 is surjective. On the other hand, if 
/3([E]) = /9([r]) and n x o E ~^ 7r x o T and n Y o E 7r y o T, then by consid- 
ering the definable set (7r x ) -1 (|if|) H (7r y ) _1 (|X|) and cell decomposition, its 
easy to construct a definable homotopy E ~ T, and therefore, j3 is injective. 
□ 



Definition 3.8 The properly Y-definably connected, properly \/-definable 
set X is called definably simply connected if tti(X,x) = for some (equiva- 
lently for all) x e X. 



3.2 Homotopy type 

Definition 3.9 Let /, g : (X', A u ...,A t ) — > (Y 1 , B 1 ,...,B l ) be two con- 
tinuous strictly properly \/-definable maps. We say that / and g are strictly 
properly \J '-definably pre-homotopic if there is a continuous strictly properly 
V-definable map H : (X'x |r|, Ay x |r|, . . . , A l x |r|) — ► (Y', By,...,B{) such 
that H(x, infT) = f(x) and H(x, supT) = for all x G X', where T is a 
definable path in some V"definable manifold Z. if is called a strictly properly 
V -definable pre-homotopy between / and g. We say that / and g are strictly 
properly \J -definably homotopic if there is a sequence / = ho, hy, . . . , h m = g 
of continuous strictly properly \/-definable maps from (X', Ay, . . . , Ai) into 
(Y 1 , By, ... , B{) and a sequence H = {Hi : i — 1, . . . , m} of strictly properly 
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\/-definable pre-homotopies Hi between hi-% and hi. H is called a strictly 
properly \j -definable homotopy between / and g. 



Strictly properly \/-definable homotopy between continuous strictly prop- 
erly \/-definable maps is an equivalence relation compatible with composition 
in the set of all such continuous strictly properly \/-defmable maps. We de- 
note by [/] the equivalence class of / : (X', Ai, . . . , Ai) — ► (Y 7 , B 1 , . . . , B{) 
and by [(X', Ai, . . . , Ai), (Y r , Bi, . . . , BA] the set of all such classes. We say 
that (X', Ax, . . . , A[) and (Y', Bi, . . . , B{) have the same strictly properly \J- 
definable homotopy type if there are continuous strictly properly \/-definable 
maps / : (X',A 1 ,...,A l ) — > (Y>, B Xl . . . , B t ) and g : (Y' , B h . . . , B t ) — > 
(X', Ai, . . . , Ai) such that [go f] = [Ix 1 ] and [fog] = [ly]. This is an equiv- 
alence relation and we denote by [(X',Ai, . . . ,Ai)] the equivalence class of 
{X',A 1 ,...,A l ). 

Fact 3.10 Let f,g : (X,x) — > (Y,y) and /< : (X, x) — > (^{3/0,3/1}) ^ = 
0, 1 j with fi(x) = yi be continuous strictly properly \J -definable maps. If [f] = 
[g], then f\ = g* and if H is a strictly properly \J -definable homotopy between 
f and fi then, there is a definable path T inY from y to y\ which determines 
a homomorphism T # : ni(Y,y ) — ► 7Ti(Y,j/i) such that T # o / 0t = f u . In 
particular, if f : (X, x) — > (Y, y) is a strictly properly \f -definable homotopy 
equivalence then, the induced homomorphism /* : m(X,x) — > TTi(Y,y) is an 
isomorphism. 

Of course if Af expands a real closed field, then we can take in definition 



3Tg| |T| to be [0, 1]. Moreover we also have the following result: 



Proposition 3.11 Suppose that M is an expansion of a real closed field. 
Then w 1 (X, A, B) = [([0, 1], {0}, {1}), (X, A, B)]. 

Proof. Let S and V be two definable paths in l.We need to show that, 
S ~ T iff there is a definable continuous function K : ([0, 1] x [0, 1], {0} x 
[0,1], {1} x [0,1]) — ► (X,A,B) such that E ~ K and T ~ K x where for 
% = 0, 1 Ki is the definable path in X parametrised by £ — > K(i,t). The 
implication from right to left follows from lemma |3.6| . By the transitivity of 
the two notions of definable homotopy and by the inductive definition of ~, 
to show the implication from left to right, its enough to assume that there is 
(H, (h) a fc-cell (k = 0, 1, 2) in Xj with an ordered numbering of the 0-cells, 
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and £ and V are special definable paths of (H, (h) such that £ ~° H T. The 
cases k = 0,1 are easy to prove, for the case k = 2 use first the fact that the 
closure of a 2-cell (g, /i)(a,6) ^ N 2 is definable homeomorphic to [0, 1] x [0, 1]. 
□ 



3.3 The o-minimal Tietze theorem 

In this subsection, we generalise results proved in ||bo|| for definable sets in an 



o-minimal expansion of a real closed field. We assume here that X is properly 
\J -definably complete with a properly \J '-definable cell decomposition. 

Definition 3.12 Let K be a properly \/-definable cell decomposition of X 
and v a 0-cell of K. An edge path of K is a sequence a = u%, «2, • • • , u\ of 
0-cells of K such that for all i — 1, . . . , I — 1, Ui, Ui + \ are 0-cells of a 1-cell 
of K. If 7 = wi, W2, ■ ■ ■ , Wk is another edge path of K and ui, ui\ are 0-cells 
of a 1-cell of K then the concatenation a ■ 7 is also an edge path of K. a 
is an edge loop of K at v if u = iti = ui. Note that an edge path a oi K 
determines uniquely a definable path S in X and the concatenation of two 
edge paths of K corresponds to the product of the corresponding definable 
paths. E(K, v) is the group under the operation [a] [7] := [a • 7] of classes [a] 
of edge loops a of K at v under the equivalence relation: a ~ 7 iff E ~# T 
where every fc-cell (A; = 0, 1, 2) in if is a /c-cell of K. 

Let be as above. A tree in K is a collection of 1-cells and 0-cells which 
is a tree; a maximal tree in K necessarily contains all the 0-cells of K. A 
special (basic) definable path of if is a special (basic) definable path of some 
fc-cell (fc = 0,1,2) H of K. 

Lemma 3.13 Let K be a properly \J -definable cell decomposition of X , v 
a 0-cell of K and T a maximal tree in K. Then E(K,v) is isomorphic to 
the group G(K, T) generated by the special basic definable paths of K with 
relations: (1) E = 1 ifE is a special basic definable paths of K contained in 
T; and (2)T, = TifE and F are special definable paths of K and E ~° H T 
for some k-cell (k = 0,1,2) H of K . 

Proof. The isomorphism k : G(K, T) — ► E(K, v) is induced by the map 
k defined as follows: Let h a b be a special basic definable path of K where 
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a, b are O-cells of some 1-cell of K, then since T is definable path connected, 
there is a unique edge path e in T from v to a with no repetition of vertices, 
with inverse e _1 the unique edge path in T from a to v with no repetition 
of vertices. Define K{h a ^) := e, a, b, a, e -1 . Let a be an edge loop of K at v 
then there is an edge loop 7 = ui, U2, ■ ■ ■ , Uk of K at t> with minimal such 
that [cr] = [7]. Then [K,(h uliU2 ■ h U2jU3 ■ ■ ■ h Uh _ liUh )] = [a]. Similarly, its easy to 
see that k is injective. □ 



Remark 3.14 . Let K be a properly \/-definable cell decomposition of X 
and let C be a /-cell of if in X. Then by an easy induction argument on I one 
can prove that: for any definable path £ in C there is a definable homotopy 
X r where T is a definable path contained in C obtained from edge paths 
of K contained in C; moreover, for any definable paths E and V obtained 
from edge paths of K contained in C (with the same endpoints) there is a 
definable homotopy S ~h T (with fixed endpoints) such that every /c-cell 
(Jfc = 0, 1, 2) of ii is a fe-ceU of K. 



Theorem 3.15 (Tietze theorem). Let K be a properly \J '-definable cell de- 
composition of X and T a maximal tree in K . Then, TTi(X, x) ~ G(K, T). In 
particular, m (X, x) is invariant under taking elementary extensions, elemen- 
tary substructures of M (containing the parameters over which X is defined) 
and under taking expansions of M and reducts of M on which X is defined 
and X has definable choice. 



Proof. By theorem |3.7| and lemma |3.13| its enough to show that: (i 



every definable loop in X at v (a fixed 0-cell of K) is definably homotopic to 
a definable loop in X at v obtained from an edge loop of K at v and (ii) if 
E and T are two definable loops in X at v obtained from edge loops a and 
7 of K at v such that £ and T are definably homotopic then, E ~h T where 
every fc-cell (k = 0, 1, 2) in H is a fc-cell of K. 

Let S be a definable loop in X at v. Then clearly, there are definable 
paths Si, . . . , E fc and there are cells Ci, C 2 , . . . , C m of K such that: (1) E ~ 
Ex • E 2 • • • E fc ; (2) for each % = 1, 2, . . . , k there is G {1, . . . , m} such that 
|E,;| C C;(j) and (3) for each I E {1, . . . , m — 1}, C\ is in the closure of C[ + i 
or C/ + i is in the closure of Cj. Its clear that, we can enlarge if necessary the 
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list Ei, . . . , Efc and the list C\, C 2 , ■ ■ ■ , C m preserving properties (2) and (3) 
above, so that we have: (4) for every % G {1, . . . , m} every cell of K in G{ is in 
{Ci, . . . , C m }; (5) E ~ r x • T 2 • • • T n where for each j = 1, . . . ,n the definable 
path Tj is such that the following holds: (5a) Tj = E^ • Ej 2 • • • E Jn where for 
each i G {ji, . . . ,j n (j)} there is G {1, . . . , m} such that |Ej| C CV^, there 
is r(j) G {ji, . . . ,j n {j)} such that the collection C^), • ■ • , Ci(j n ) is contained 
in the collection of all the cells of K contained in C r (j\, and C/^) and CVj n ) 
are 0-cells. To finish the proof of this part of the theorem, its enough to 
show that each definable path Tj is definably homotopic to a special basic 
definable path of a fc-cell (k = 0, 1) in the list C\, . . . , C m . But this last claim 
is remark |3.14| . 

Let E and T be definable loops in X at v obtained from edge loops a 
and 7 of K at n, and suppose that E ~# T with 5 = {5, : z = 1, . . . ,n}, 
Ej Ej + i for i = 1, ... ,m — 1 and E ~ Ei and V ~ E m . By taking 
if necessary a refinement of B respecting K, we can assume that, for each 
i G {1, . . . , n} there are cells CV, • • • , C m i of K satisfying condition (4), each 
definable path Ej satisfies condition (5) (with E substituted by Ej, each Tj 
substituted by Tji, n by ri 1 and j by j l ) and (6) for each u G {1\ . . . ,m 4 } 
there is v(u) G . . . , m l+1 } such that C u PI C^( u ) 7^ 0. Now the theorem 

follows from remark 13.14!. □ 



Theorem 3.16 (van Kampen theorem). Let X ,Xi,X 2 be closed properly 
\f -definably connected, properly \J -definable subsets of X with X = X\ U 
X 2 and X = Xi fl X 2 . Le^ x G X . T/ien /or any group G ana 1 any 
homomorphisms h a : 7Ti(X a ,x) — > G (a = 0,1,2) such that h = h a o i a 
where i a : iri(X ,x) — > 7ii(X a ,x) is the homomorphism induced by the 
inclusion, there is a unique homomorphism h : tti(X, x) — > G such that 
h a — hoj a , where j a : n\{X a ,x) — > tti(X, x) is the homomorphism induced 
by the inclusion. 

Proof. Take a properly \/-definable cell decomposition K of X compat- 
ible with X Q ,Xi and X 2 . K determines properly \/-definable cells decompo- 
sitions Kq, K\ and K 2 respectively. Take a maximal tree To in Kq and extend 
it to maximal trees Ti and T 2 in K\ and K 2 respectively. Then, T := Ti UT 2 
is a maximal tree in K. By theorem |3.15| we have 7Ti(X, x) = G(K,T) and 



7Ti(X a ,x) = G(K a ,T a ). The results follows since i a (7Ti(X , x)) is generated 
by the special basic definable paths of X \ T in X a . □ 
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When M expands a real closed field, then we can use the definable trian- 
gulation theorem instead of the cell decomposition theorem. 

Definition 3.17 Suppose that M is an o-minimal expansion of a real closed 
field and let ($, K) be a properly \/-definable triangulation of X, v a vertice 
of K and T a maximal tree in K (T contains all the vertices of K). An edge 
path of K is a sequence a — u±, 112, ■ ■ ■ , ui of vertices of K such that for all 
i — 1, . . . , I — 1, Ui, Ui + \ are vertices of an edge of K. If 7 = w\, W2, ■ ■ ■ ,w k 
is another edge path of K and w/,u>i are vertices of an edge of K then the 
concatenation o ■ 7 is also an edge path of K. o is an edge loop of K 
at v if v — u\ — ui. E(K,v) is the group under the operation [a] [7] := 
[a ■ 7] of classes [a] of edge loops a of K at v under the equivalence relation: 
v, u, a, b, c, . . . , w, v ~ v, u, a, c, . . . , w, v iff abc spans a /c-simplex of K where 
k = 0, 1,2. E(K,v) is isomorphic to the group G(K,T) generated by the 1- 
simplexes of K, denoted g a ,b for each edge a, b and with relations: (1) g a ,b = 1 
if a, b spans a simplex of L and (2) g a ,b9b,c = g a ,c if a, b, c spans a simplex of 
K. 

Corollary 3.18 (Tietze theorem). Suppose that Af is an o-minimal expan- 
sion of a real closed field and let ($, K) be a properly \J -definable trian- 
gulation of X and T a maximal tree in K. Then, vri(X, x) ~ G(K,T). In 
particular, 717 (X, x) is invariant under taking elementary extensions, elemen- 
tary substructures of M (containing the parameters over which X is defined) 
and under taking expansions of M and reducts of M on which X is defined 
and X has definable choice. 

4 \/-definable covering spaces 

For the rest of this section an less otherwise stated, X= (X, (X i: 0j)j e /),Y= 
(Y, (Yj, ipj)jej) and Z= (Z, (Z k , T k ) keK ) will be properly V-definably con- 
nected, properly \/-definable manifolds with definable choice. As in the last 
section, the results of this section also hold in the category of properly \J- 
definable topological spaces with strictly properly \/-definable continuous 
maps. 
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4.1 Strictly properly \/-definable covering spaces 

Definition 4.1 (Y,p,X) is called a strictly properly \J -definable covering 
space if the strictly properly \/-definable map p : Y — ► X is continuous, 
surjective and there is a cover {Ui : I G L} of X with \L\ < Ki such that: (1) 
for each I <E L, Ui is an open definably connected definable subset of X; (2) 
for each i G /, there a finite subset Lj of L such that Xj C U{Ui : Z G Lj}; 
and (3) for each / G L, p' 1 ^) is a disjoint union of open definable subsets 
of Y, each of which is mapped homeomorphically by p onto U\. We say that 
p : Y — > X is a strictly properly \j -definable covering map and {Ui : I G L} 
is called a p-admissible family of definable neighbourhoods. 

If (Y, p, X) is a strictly properly \/-definable covering space then: (1) for 
every definable subset Z of X, p~ 1 (Z) is a properly \/-definable subset of Y, 
and in particular, for each x G X , p~ 1 (x) is a properly \/-definable discrete 
subset of Y and therefore, < Ni; (2) if for each / G L, p _1 (t/;) is a 

disjoint union of the open definable subsets V^ s of Y with s G Sj, each of 
which is mapped homeomorphically by p onto Ui then, since for each j G J, 
the map : Yj — > X is definable, there is a finite subset Qj of {(/, s) : / G 
L, s e Si} such that Y} C U{V 9 : q G Qj}; (3) let % G /, then is an 

open properly \/-definable subset of Y and considering the open definable 
subsets Vi tS of Y where s £ U{5; : I e L'} and is a finite subset of L such 
that Xi C U{C/; : i G L 1 }, we see that there are open definable subsets Y i>r of 
p~ l {X-) for r e Ri with < K x such that: (i) p~ l {Xi) = U{F i>r : r G Ri}; 
(ii) for each r G -Ri, the set {s G -Rj : Y ijS fl F i>r . 7^ 0} is finite; and (in) 
for each r G -Rj, P|y 4r : Y i>r — >■ Xi is a definable surjective map. The 
collection {Y i r : % G /, r G -Rj} of open definable subsets of Y determine in a 
natural way a \/-definable manifold Y' which we can identify with Y (they 
are strictly properly \/-definably isomorphic), and under this identification 
(which we will be considering from now on), its easy to see that X is a 
properly \/-definable manifold iff Y is a properly \/-definable manifold; (4) 
the properly \/-definable covering map p : Y — > X is an open surjection: 
Let V be an open \/-definable subset of Y and let x G p{V). Let U be a in- 
admissible definable neighbourhood of x, y G p^(x) fl V and let W be the 
definable sheet over U containing y. Then W fl V is an open definable subset 
of V containing y, p(W fl V) is an open definable subset of U containing x 
and therefore, p(V) is open. 
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Definition 4.2 We define a strictly properly \/-definable isomorphism be- 
tween strictly properly \/-definable covering spaces (Y,p, X) and (Z, q, X) to 
be a strictly properly \/-definable homeomorphism : Y — > Z such that 
qocj) = p. The group of strictly properly \J -definable covering transformations, 
CoviY / X) is the group of all strictly properly \/-definable homeomorphisms 
(j) : Y — ► Y such that p o <fi = p. 

Pointed strictly properly \/-definable covering space ((Y, y),p, (X, x)) and 
the group Cov((Y,y)/(X,x)) of pointed strictly properly ^-definable cover- 
ing transformations are define in the obvious way. 

Remark 4.3 Let (Y,p,X) be a strictly properly \/-definable covering space 
and let W be a properly \/-definable subset of X such that W or 
has a properly \/-definable cell decomposition. Then there are properly \J- 
definable cell decompositions L and K of p^iW) and W respectively such 
that for every cell C of L, p(C) is a cell of K and p|c : C — >■ p(C) is a 
definable homeomorphism. In particular, p~ l {W) is properly \/-definably 
complete iff W is properly \/-definably complete. 

Lemma 4.4 Let p : Y — > X be a strictly properly \J -definable covering 
map. Suppose that f,g:Z — ► Y are continuous strictly properly \J -definable 
maps such that po f = pog. If f(z) = g(z) for some point z G Z , then f = g. 

Proof. Let W := {w G Z : f(w) = g(w)}. Then W and Z \ W 
are properly \/-definable subsets of Z (since / and g are strictly properly 
\/-definable maps. By properly \/-definable connectedness of Z its enough 
to show that W is open and closed in Z. Let w G W and let U be a p- 
admissible definable open neighbourhood of p(f(w)) = p(g(w)), and let V be 
the definable sheet over U containing f(w) = g(w). Clearly, O = f^iV) fl 
g l (V) fl Zj, for Zj~ such that w G Z^, is a definable open neighbourhood 
of w in Z. We claim that O C W. If i; G O, then f{v),g(v) G V and also 
p(f( v )) = p(g( v ))^ but p|y is a definable homeomorphism and so f{v) = g(v). 
Therefore, W is open. Since Z is Hausdorff, W is closed. This assumption 
on Z is not necessary: if w G Z \ W, let V be a definable p-admissible 
open neighbourhood of p(f(w)). If both /(w) and lie in the same sheet 
over V, then the argument above shows that p(f(w)) = p(g(w)). Therefore, 
f(w) G S and g(w) G S', where S, S' are distinct sheets. But U = / _1 (S') fl 
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g 1 (5") fl Zk is a definable open neighbourhood of w such that U C Z \ W. 
Therefore, Z \ W is open as well. □ 

Recall that some times we identify definable homotopies under the equiv- 
alence ~ of having a common refinement. 

Proposition 4.5 Let p : Y — ► X be a strictly properly \J -definable covering 
map. (1) IfT a definable path in X and y G F is such that p(y) = inf T, then 
there is a unique definable path T in Y such that y = inf T and p o T = T. 

(2) Suppose that V ~# £ is a definable homotopy of definable paths in X . 
Let r be a definable lifting of T, then there is a unique definable lifting H of 
H (i.e., p o H — H) such that V E where £ is a definable lifting o/E. 

Proof. Let {Ui : I G L} a p-admissible family of definable neighbour- 
hoods. (1) Since for each i G /, there is a finite subset Li of L such that 
Xi C U{Ui : / G Li} and |T| is a definable subset of X, there is a finite subset 
I' of / such that |r| C U{Xi : i G /'} and so |r| C U{U t : I G U{Li : i G J 7 }}. 

Therefore T ~ r x T n for some definable paths Tj (j = 1, . . . , n) such 

that for each j — 1, . . . , n there is j(0 e U{Lj : i G J'} such that C C/j(/). 
Since the result clearly holds for each Tj the result holds for T. (2) This 
is proved in a similar way, by taking a refinement of H compatible with 
{Ui : I G L'} where L' is a finite subset of L such that C U{Ui : I G L'}. 
□ 



Notation: Referring to proposition 4.5, we denote by y*T the final point 



sup T of the definable lifting r of V with initial point inf T = y. 

Corollary 4.6 Let ((Y, y),p, (X, x)) be a strictly properly \J -definable cover- 
ing space. Then (1) the induced homomorphism p* : 7Ti(Y,y) — > 7Ti(X,x) is 
injective; (2) ifT, is a definable loop atx, theny = y*£ iff[T] G p*{iri(Y, y)) 
and if A and A' are two definable paths in X from x to x' , then y * A = y * A' 
iff [A • A' -1 ] G p*(7Ti(Y, y)). 

Proof. (1) Let S be a definable loop at y such that p*([E]) = 1. And 
let H be the definable homotopy from p o £ to e x . By definable homotopy 
lifting, H lifts to a definable homotopy H from E to some definable path. 
By uniqueness of H its easy to see that this definable path is e y , and [S] = 1 
as required. A similar argument shows (2). □ 
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Proposition 4.7 Let p : (Y,y) — > (X,x) be a strictly properly \J -definable 
covering map. (1) The map p : tti(X,x) x p _1 (x) — > given by 

p([E],w) := u * E is a transitive action, the stabiliser of u G p^ 1 (x) is 
p*(7Ti(Y, u)) and |p _1 (x)| = \ni(X,x) : p*(iri(Y, u))}. 

(2) For all x±,x 2 G X, = \p~ 1 (x 2 )\, for all u,v G 

p*(7Ti(F, «)) and p*(tti(Y, v j) are conjugate subgroups ofiri(X,x) and if S is a 
subgroup ofitx{X, x) that is conjugate to p*(7Ti(Y, u)) then there is v G p~ l (x) 
such that S = p* {it\ ( Y, v) ) . 

Proof. (1) Note that by proposition (2), p is well defined. We have 
p([e x ],u) = u because the lifting e^T of e x at u is e u . Now suppose that [A] G 
tti(X,x). Let E be the definable lifting of E at u and let A be the definable 
lifting of A at u * E, then E • A is the definable lifting of E • A that begins at u 
and ends at (u*E)*A. Therefore, p([E][A], u) =/>([£■ A], u) = p([A], p([E], «)). 
Let u, t> G p -1 ^). Since F is definably path connected, there is a definable 
path r in Y from u to v. p o V is a loop at a; whose lifting at a; is T. Thus 
[p o T] G 7Ti(X, x), and u * (p o T) = w i.e., p([p o T], it) = v and p is transitive. 

Let [E] G 7Ti(X, x) n (the stabilizer of u) and let E be the definable lifting 
of E at u. Then u = u * E = supE and so [E] G 7Ti(Y,w), [E] = [poS] G 
p*(7ri(y, w)). For the reverse inclusion, suppose that [E] = [poT] for some 
[r] G 7r 1 (F, -u). Then E = T. Therefore, u * E = sup E= supT = u, and 
[E] G 7Ti(X, x) u . The rest of (1) follows from the theory of G-sets. 

(2) We have the following commutative diagram 

tti(F, mi) -> m(Y, U 2 ) 

7Ti(X,Xi) A TT^X,^) 

where A([T]) := • V ■ 6], a([E]) := [(p o 6)- 1 • E ■ (p o ©)] and 6 is 
a definable path from iti to u 2 . Since A and a are isomorphisms and p* is 
a monomorphism it follows from (1) that |p _1 (xi)| = |p _1 (x2)|- The same 
diagram applied to the case X\ = x 2 = x shows that for all u, v G p _1 (x), 
p*(7ri(y, u)) and p*(7Ti(y, f)) are conjugate subgroups of iti(X,x). 

Suppose now that S = [E _1 ]p*(7Ti(Y, w))[E] for some [E] G 7Ti(X,x). Let 
E be the definable lifting of E at u. Note that v := u * E G p _1 (x). Using 
the commutative diagram we see that S = p*(iri(Y, v)). □ 
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4.2 Liftings of strictly properly \/-definable maps 

The results of this subsection are all corollaries of following result on the 
possibility of lifting strictly properly \/-defTnable maps. 

Proposition 4.8 Let p : (Y, y) — > (X, x) be a strictly properly \J -definable 
covering map and let f : (Z, z) — > (X, x) be a continuous strictly properly 
\J -definable map. Then there is a continuous strictly properly \J -definable 
map J : (Z,z) — > (Y,y) withpoj = f iff f*(m(Z,z)) Q p*{iri(Y,y)) . Such 
strictly properly \j -definable lifting f , when it exists, is unique. 



Proof. The necessity is clear and the uniqueness follows from lemma [O 
We will now construct /. For each i 6 / choose Zi G Zi such that if z G Zj 
then z = Zi, and let Tj be a definable path in Z from z to Zi. Given w G Zi, 
let A Z U) be the definable path Tj • Y^ ZitW from z to w where, T ijZitW is given 
by proposition |2.28|. Let S Z)M := / o A z>w and put f(w) := y * £ Z)W . 



If w G Zi fl Zj then we have another definable path A' z w from 2 to 
w obtained from Zj. f o (A 2UJ ■ A~^) = T! zw ■ £7^, is a definable loop 
at x. By hypothesis, [£ ZM ■ G p* (tii (Y, y) ) and by corollary [16] (2), 

y * S Z)TO = y * S' z ^ and so / is well defined. Note that the same argument 
shows that / does not depend on the choice of the points z { G Z { or of the 
definable paths T,. 

Its easy to see that / is a strictly properly \/-definable map. Let {Ui : I G 
L] be the p-admissible family of definable open neighbourhoods in X. Since / 
is continuous and strictly properly \/-definable, {/ _1 (f//) : I G L} is an open 
cover of Z such that, for each Zi there is a finite subset Si of L such that 
Zi C Uses; / -1 (^s)- F° r eacri * an d each s & Si let := Zj fl and 
let f j S G Vi s . Then are open definable sets and Zj = IJseSi Moreover, 
by the argument above we can assume that the properly \/-definable system 
A ZtW of definable paths is, for w £ V is of the form Tj ■ r i;Zi>Vis ■ r iiVis;W . Clearly, 
we get a properly \/-definable system A x j^ :— f o A ZjW of definable paths 
in f(Z) which is of the form (/ o Tj) • (/ o r^^) • (/ o ri )Via)ttI ). From this 
we see clearly that f< Vu is definable and the result follows. 

We will now show that / is continuous at w. let U be a p-admissible defin- 
able neighbourhood of f(w) and let V be an open definable set of p~ l {U) that 
is mapped homeomorphically onto U by p and that contains f(w). Choose a 
definably path connected definable neighbourhood W of w so that f(W) C [/. 
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We need to show that f(W) C V . For each w' G W there is a definable path 
A from w to w' in VF, and then we can use T • A as the definable path from 
z to w'. The definable lifting of / o (r • A) = (/ o T) • (/ o A) is obtained by 
first lifting / o T and then lifting / o A. Since the latter lifting stays in V, 
this shows that J(W) C V. □ 



Corollary 4.9 (1) Let p : Y — > X and q : Z — > X be strictly properly \/- 
definable covering maps. There is a strictly properly \f -definable isomorphism 
between the strictly properly \J -definable covering spaces iff p*(fti(Y, y)) and 
q*(7Ti(Z,z)) are conjugate subgroups of iri(X, x) iff and are 

isomorphic 7ti(X, x)-sets. 

(2) If p*(iii(Y,y)) C q*(7Ti(Z, z)), then there is a unique strictly properly 
\J -definable covering map r : (Y, y) — > (Z, z) such that p o r = q. 

Proof. (1) Suppose that : (Y,y) — > (Z,z) is a strictly properly 
\/-definable isomorphism. Then p*(iri(Y,y)) = q*(<f>(Y) , <f>(y)) which is con- 
jugate to q*(TTi(Z,z)) by proposition [L7| (2). On the other hand it is clear 
that (f)\ p -i( x ) '■ — > is a bijection, for [E] e ir%(X,x), if S is 

the definable lifting of S at y then <p o S is the definable lifting of S at 2. 
And so (p induces an isomorphism <f> : — ► q^(x) of 7Ti(X, x)-sets. 
Conversely, if p~ x (x) and g _1 (a;) are isomorphic tti(X, x)-sets then by the 
theory of G-sets, the stabilisers p*(iri{Y,y)) of y and q^ir^Z, z)) of 2 in 
7Tx(X, x) are conjugate. By proposition [O] (2), there is G such 
that q*(7Ti(Z, z)) = p*(TTi{Y,y')). By proposition |4.S|, there is a strictly prop- 
erly \/-definable map : Y — > Z (the strictly properly \/-definable lifting 
of p : {Y,y') — > (X,x)) such that qo (p = p. By considering the strictly 
properly \/-definable lifting of q : (Z, z) — >■ (X, x) we see that is a home- 
omorphism and so a strictly properly \/-definable isomorphism of pointed 
strictly properly \/-definable pointed coverings spaces ((Y,y'),p, (X,x)) and 
((Z,z),q,(X,x)). 

(2) By proposition [4.8| , there is a strictly properly \/-definable map h : 
(Y, y) — > (Z, z) (the strictly properly \/-definable lifting of p : (Y, y) — > 
(X, x)) such that qo h — p. It remains to show that h is a strictly properly 
\/-definable covering map. Let {Ui : / G L} be a p-admissible family of open 
definably connected definable neighbourhoods in X with |L| < K x and let 
{Vk : k G K} be a g-admissible family of open definably connected definable 
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neighbourhoods in X with \K\ < For each I G L there is a finite set 
Si C K such that Ui D V s ^ for all s G Si and I/", = U sg5; ^"z n K- 
Let {IV/fc : I 6 L, H S|} be the family given by W 7 ^ := C/j fl V k for all 
/ G L and k E Si. Then {K 7 ^ : I <E L, k E Si} is simultaneously a p- 
admissible and g-admissible family of open definable neighbourhoods in X 
with \{(l,k) : I E L, k e Si}\ < K x . Since by o-minimality, Wik as only 
finitely many definably connected components, we can assume without loss 
of generality that each Wi k is definably connected. 

Let {O m : m G M} be the family {q~ l {Wi k ) : I e L, k e S k } and 
{0' n :nE N} be the family {p-\Wi k ) : I G L, k G 5/}. All of O m 's (resp., 
0' n ) are open definably connected definable neighbourhoods in Z (resp., in 
Y) with \M U N\ < Ki. We claim that {O m : m G M} is a /i-admissible 
family of open definably connected definable neighbourhoods in Z: Given 
O m , there are I G L and k E Si such that q\o m '■ O m — > Wi k is a definable 
homeomorphism. Now let {0' n , : n' G iV' C A^} be the subfamily of {O n : 
n e N} given by Then clearly h- l (O m ) = {0' n , : n' <E N' C N} 

and h\o' , '■ 0' n , — > O m is a definable homeomorphism. □ 

Corollary 4.10 Let p : (Y, y) — > {X,x) be a strictly properly \J -definable 
covering map and consider p^ 1 {x) as a iri(X,x)-set. Then we have canonical 
isomorphisms 

Aut(p-\x)) ~ Cov(Y/X) ~ N^M^y^/p^n^y)), 

where n denotes ni(X,x). 

Proof. The prove that Aut(p~ 1 (x)) ~ Cov(Y/X) is contained in the 
prove of corollary |4.9| (1). The rest follows from the theory of G-sets (see 
lemma 10.26 |nj). □ 

Definition 4.11 A strictly properly \J '-definable covering map p : (Y, y) — ► 

(X,x) is regular if p*(iri(Y,y)) is a normal subgroup of tti(X,x) . A strictly 
properly \/-definable covering space (Y,p,X) is a universal strictly properly 
\J -definable covering space of X if Y is definably simply connected. 
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Lemma 4.12 A strictly properly \J -definable covering map p : (Y,y) — > 
(X,x) is regular iff Cov(Y/X) acts transitively onp^ 1 (x). 

Proof. Suppose that p : (Y, y) — > (X, x) is regular and let u, v G p~ l (x) 
Then by proposition JO] (2), p*(7Ti(Y, u)) = p*(7Ti(Y, f )). By proposition fO[ 
there is a strictly properly \/-definable homeomorphism ft : (Y, m) — > (Y, u) 
such that p o h = p; thus ft, G Cov(Y/X) and ft(tt) = u. Conversely, assume 
that Cov(Y/X) acts transitively on p {x) and let u,v £ p~ x (x). Then there 
is ft G Cov(Y/X) such that ft(-u) = t>. But, p*(7Ti(Y, «)) = p*ft*(7ri(Y, u)) = 
p*(7Ti(Y, u)). By proposition [O] (2), ^(^(Y, -u)) is a normal subgroup of 

TixiX.x). □ 



Corollary 4.13 Suppose that (Y,p, X) is a strictly properly \J '-definable cov- 
ering space. Then p : (Y, y) — > (X, x) is regular iff 

Cov(Y/X) ~ <K 1 (X,x)/p*MYy)) 

and (Y,p,X) is a strictly universal properly \J -definable covering space of X 

Cov(Y/X) ~ m{X,x). 

4.3 Existence of Y-definable covering spaces 

Throughout this subsection, G will be a subgroup of ttx(X,x) with \G\ < Ki 
(it will follow from the main theorem of this subsection that |7Ti(X, x)\ < Ki). 

Lemma 4.14 There is a cover {U s : s G S} of X with \S\ < Ki by definable 
open subsets U s 's such that every definable loop at x &U S is definably homo- 
topic to the constant path e x at x and for each i £ I , there is a finite subset 
Si of S with Xi C U{U S : s G Si}. We call such family a good family of open 
definable neighbourhoods. 

Proof. If X has a properly \/-definable cell decomposition K, then for 
each 0-cell C s (s G S) of K let U s be the union of C s together with all 
open fc-cells C of K such that C s C C. Clearly, U s is an open definably 
path connected definable subset, which by remark |3.14| has the property 
of the lemma. In general, since each X{ has a properly \/-definable cell 



38 



decomposition, by the argument above, there is a finite such cover of each 
Xi and from this, the result follows. □ 



Let X G be the set of equivalence classes [E] G of definable paths £ in X 
with initial point inf £ = x under the following equivalence relation: two such 
definable paths £ and A are equivalent iff sup £ = sup A and [£ ■ A -1 ] G C 
Let x G := [e x ] G and define p G : AT G — > X by p G ([£] G ) = sup S. 

For each s G S let w s G C/ s and s G := {[£] G : sup £ = u s }. Consider the 
family {V^ : s G 5, G s G } where each V sk is the set of all [A] G such that 
there are [£] G G s G and a definable path T in C/ s with initial point inf T = u s 
and A = £ • I\ 

Lemma 4.15 For all s G S and k G s G , |s G | and V sk are independent of the 
choice ofu s G U s . Given s' G S then \s' G \ = |s G | and U s r\U s > is non empty iff' 
there are k G s G and / G s' G suc/i i/iai fl V s n is non empty. If ki, k 2 G s G 
are such that k\ ^ k 2 then V skl H V sk2 = 0. 

Proof. Let u' s G U„ k' = [£'] G = [£ • 0] G where inf = sup £ and 
|0| C C/ s , V s ' fc / the corresponding V^, [A] G G V^, and k = [£] G . Then 
[A] G = [£ • r] G where inf T = sup£ and |r| C U s . Hence, [A] G = [E ■ 
T] G = [(E • 0) • (0- 1 • T)] G = [£' • (0- 1 • r)] G ; since inf(0- 1 • T)= supE' and 
|(0 _1 • T)| C U s we get [A] G G Vg k ,. The reverse inclusion is similar. 

If U s H U s ' is non empty then we have \s G \ = \s' G \ since we can take 
u s = u s ' G U s fl C/ s /. We also have for the same reason that there are k G s G 
and / G s' G such that V sk fl is non empty. The general case follows 
because X is definably path connected. If there are k G s G and Z G s' G such 
that [r] G G V. fc n V.,,, then p G ([T] G ) eU s f] U s ,. 

Suppose that [r] G G V skl C\V sk2 . Let = [£.;] G and [r] G = [Ej-Tj] G where 
inf Ti = sup Ej and C U s for i = 1,2. Since, supT = p G ([r] G ) G p G (Kfc)H 
P G (Kz) by the argument above, we can assume that sup£i = supE 2 . We 
have [Ex • E 2 x ]= [Ex • (T i • T 2 ) • E 2 ] (since in U s every definable loop is 
definably homotopic to a constant path) = [(Ei ■ Ti) • (E 2 • r 2 ) _1 ] G G and 
so [Ei] G = [E 2 ] G . □ 

For each s G S let I s := {i G / : U s H X { ^ 0} and let {X Gskj : s G 
5, fc G s G , j G J a } be given by X Gskj : = {[A] G G Kfc : sup A G U s H X^}. 
Let Gsfci : X Gskj — > <j>j(Xj) be given by (p Gskj := fa o p G , and let X G := 
(X G , X Gskj ,(f)as k j)ses,kesG,jei s 
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Theorem 4.16 For every subgroup G of ni(X, x) with \G\ < Ki ; X G is a 
properly \J '-definably connected, properly \J -definable manifold. Moreover, 
p G : (Xg,xg) — ► (X,x) is a strictly properly \j -definable covering map such 
that G = p G *MX G ,x G )). 

Proof. pG\ v '■ Vsk — ► U s is a bijection, because U s is definably path 
connected and every definable loop in U s at u s is definably homotopic to the 
constant path e Us . This shows that X G is a properly \/-definable manifold. 
Moreover, for each s G S and j G I s , Pq~{U s H Xj) is the disjoint union 
of the definable sets Xq s ^ with k G s G and »g< : ^Gskj — > U s n X,- 
is a bijection. Therefore, p G is an open, continuous and surjective strictly 
properly \/-definable map. 

We now show that X G is definably path connected (and therefore, by the 
above, (Xq,Pg, X) is a strictly properly \/-definable covering space). Let 
u = [E]g G Xc- We have S ~ Si • ■ ■ S n and there are for each / G {1, . . . , n} 
there is G 5 such that C U s m. Considering the definable bijection 
p G : K(/)fc(0 — ► U s(l) where fc(Z) is such that x G G K(o)fc(o)> and for 

each j = 0, — 1 K(j)fc(j) H K(j+i)fc(j+i) 7^ 0, it follows that there is a 
definable path S ~ Ei • • • E„ from a;c to u such that p G o S = S. 

Finally, let us show that G = p Gif (7i 1 (X G , x G )). Let [E] G 7Ti(X, x). Then 
there is a unique definable lifting E of E in X G with inf E = x G . On the 
other hand, [E] G p G *(iii(X G , x G )) iff inf E = sup E = x G iff [E] G = [e x ] G iff 
[E] = [E ■ e; 1 ] G G. Therefore, G = PgM(X g , x g )). " ^ □ 

Corollary 4.17 Every strictly properly \J -definable covering space ((Y, 
(X, x)) is strictly properly \J -definably isomorphic to a strictly properly \J - 
definable covering space of the form ((X G , x G ),p G , (X, x)). In particular, 
there is a universal strictly properly \j -definable covering space (X,p, X). 

4.4 Properly \/-definable G-coverings spaces 

Definition 4.18 Let G be a group with |G| < Ki. An action of G on X is a 
homomorphism p : G — ► Aut(X) induced by a map p : GxX — ► X, where 
Awt(X) is the group of all strictly properly Y-definable homeomorphisms of 
X. We often use the notation g(x) = p(g,x). The orbit x/G of x G X is the 
subset {g(x) : g G G} of X. X is the disjoint union of the orbits. We denote 
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by X/G the set of orbits, and r : X — > X/G denotes the map that sends 
a point into its orbit (and so, r~ 1 {x/G) = x/G). X/G has a topology such 
that r : X — > X/G is a continuous and open surjective map, but in general 
its not clear that X/G can be made into a properly \/-definable manifold 
such that r : X — > X/G is a strictly (properly) \/-defmable map. 



Definition 4.19 Two strictly properly \/-deflnable covering spaces (Y,p, Y) 
and (X, q, X) are strictly properly \J-definably equivalent if there are strictly 
properly \/-definable homeomorphisms and ip making the following dia- 
gram commutative: 

F 4 x 

r r 



Lemma 4.20 Consider the following commutative diagram of strictly prop- 
erly \j ' -definable covering maps 

Z 

V 

r y 

y q 

X 

where (Z,p,X) and (Z,r,Y) are regular; let G = Cov(Z/Y) and H = 
Cov{Z / X). Then there is a commutative diagram 

Z 

V 

r' z/g 
/«' 

Z/H 

of strictly properly \J -definable covering spaces, each of which is strictly prop- 
erly \] -definably equivalent to the corresponding strictly properly \] -definable 
covering space in the original diagram. 
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Proof. We first show that (Z,r', Z/G) is a strictly properly ^-definable 
covering space (here r' is the natural map r' : Z — > Z/G), strictly prop- 
erly \/-definably equivalent to (Z,r,Y). Note that since (Z,r,Y) is regular, 
Cov{Z/Y) acts transitively on each fibre r~ l {i/). This can be used to show 
that the map <fi : Y — > Z/G given by <p(y) = T'(r _1 (y)) is a well defined 
bijective map. Since both r' and r are continuous and open surjective maps, 
it follows that is a homeomorphism, from this we get the claim, by putting 
on Z/G the structure of a properly \/-definable manifold via <fi which then 
becomes a well defined bijective strictly properly \/-definable map. 

Since G C H if follows that for every z e Z, we have z/G C 2 /if. Define 
q' : Z/G — > Z/if by q'(z/G) = z/H. It is now easy to verify that q' is the 
map we are after. □ 



Definition 4.21 We say that a strictly properly \/-definable covering space 
(Z,r,Y) is a strictly properly \J -definable G-covering if (Z,r',Z/G) is a 
strictly properly \/-definable covering space strictly properly \/-definably 
equivalent to (Z,r,Y). 



Corollary 4.22 Let (X,p,X) be a strictly properly \J -definable universal 
covering space of X . Then every strictly properly \j -definable covering space 
(Y,q,X) is strictly properly \j -definably equivalent to (X/G,r,X) for some 
subgroup G of Cov{X/X) ~ m(X,x). 

Proof. There is a unique strictly properly \/-definable covering space 
(X, s, Y) such that p = q o s. Since X is definably simply connected, both 
(X,p,X) and (X,s,Y) are regular strictly properly \/-definable covering 
spaces. Therefore, by lemma |4.20| , (Y, q, X) is strictly properly \/-definably 



equivalent to (X/G, r, X) where G = Cov(X/Y). □ 



Corollary 4.23 Let (X,p,X) be a strictly properly \J -definable universal 
covering space of X. Denote the family of all strictly properly \j -definable 
covering spaces of X of the form [X /G,r, X) , where G is a subgroup of 
CoviX/X), by C and denote the family of all subgroups of Cov(X / X) by 
Q. Then $ : C — >Q defined by (Z,q,X) — > Cov(X/Z) and * : Q — > C 
defined by G — ► (X/G, r, X) are bisections inverse to one another. 
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Proof. If G C Cov(X/X), then $*(G) = Cov(X /(X /G)). This group 
consists of all strictly properly \/-definable homeomorphisms h : X — > X 
such that _ 

X 

i r x 

X/G 

If g E G and iel, then x/G— g(x)/G,and so rg = r; hence (7 G $\I/(G) 
and G C <3>\I>(G). For the reverse inclusion, let h G ^^(G), then rh = h. If 
1 G X, then x/G — h(x)/G and there exists g £ G such that g(h(x)) = x. 
Since g G $\I/(G), it follows that gh G $\I/(G) and by uniqueness, gh = 1% 
and h = g^ 1 G G. 

Similarly, its also easy to see that is the identity. □ 

Corollary 4.24 Let (X,p,X) be a strictly properly \f -definable universal 
covering space of X . If G is a subgroup of Cov{X / X) ~ tti(X,x), then 
ni(X/G, x/G) ~ G. 

Proof. We have m(X/G, x/G) ~ Cov(X/(X/G)) ~ G. □ 

Definition 4.25 We say that G acts properly on X if there is a cover {£/fc : 
k G if} of X with I If I < Ki such that each U k is an open definably connected 
definable subset and gU k r\U k = for all g G G\{1}. We call the {U k : k G K} 

a G- admissible family of definable open subsets of X. 

Its easy to see that if (Z,r, Z/G) is a strictly properly \/-definable G- 
covering space such that G acts on X without fixed points (e.g., (Z, r, Z/G) 
is regular) then G acts properly on Z. 

Corollary 4.26 Suppose that G acts properly on X. Then (X, r, X/G) is a 
regular strictly properly \J -definable covering space and 

G ~ Cov(X/(X/G)) ~ 7T 1 (X/G,x/G)/n(7r 1 (X,x)). 
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Proof. The natural map r : X — > X/G is a continuous, surjective open 
map with r _1 (r(£/)) = {J g€G gU for any definable open subset U of X. Let 
{U k : k G K} be a G-admissible family of definable open subsets of X. We 
claim that there is a structure of a \/-definable manifold on X/G such that 
{Uk '■ k G K} is an r-admissible family definable open subsets of X/G. Let 
k E K , if g,h are distinct elements of G then gU k n /if/^ = 0. If w G 
then u/G = (gu)/G for every g e G, and so r((yfu) = r(-u); hence is 
surjective. If r(gw) = r(gv ) for u,v E U k , then there is /i G G with g-u = /ig-y; 
hence gf4 fl hgUk 7^ 0, a contradiction. Therefore, r| 9l / fe is a bijection. Let 
F := X/G, for each i E I and k & K, let := ri^nXj^fc H Xj) and let 
A,k ■ Y i:k — > (pi(Xi) be given by ip iik (y) ■= ^((r^J -1 ^)). Its now easy 
to see that (Y, (Y ijk ,ipi t k)iei, hex) is a (properly) \/-definable manifold and 
(X, r, F) is a strictly properly ^-definable G-covering space with r-admissible 
family of definable open subsets given by {Y i k : i G /, k G K}. 

Its easy to see that Cov (X/(X/G)) acts transitively on a fiber, therefore 
(X, r, X/ G) is regular. The rest follows from previous results. □ 

We denote by G-COV(X) (resp., G-COV(X,x)) the set of equivalence 
classes of strictly properly \/-definable G-coverings (Y, p, X) of X (resp., 
pointed G-coverings ((Y,y),p,(X,x)) of (X, x)) under strictly properly \/- 
definable isomorphisms of strictly properly \/-definable G-coverings (resp., 
pointed G-coverings) of X (resp., of (X, x)). 

Proposition 4.27 There is a canonical bijection between G-COV(X,x) and 
Hom^X, x),G). 

Proof. We first define a map A : Hom^^X, x),G) — ► G-COV(X,x) 
has follows: Let p G Hom^^X, x), G) and let ((X, x),p, (X, x)) be the 
universal strictly properly \/-definable covering space of (X, x). Consider the 
action of 7Ti (X, x) on X x G given by g) '■= (z*T,, gpQE] -1 )). We claim 
that 7Ti(X, x) acts properly on X x G. In fact, if {U : / G L} is a p-admissible 
family of definable open neighbourhoods then for each / G L, there is a strictly 
properly \/-definable homeomorphism M/ : J9 _1 (^) — >■ £// x 7Ti(X, x). Let 
{VJ, m : I e L, m E th(X,x)}= {V C p" 1 ^) : I E L, M t {V) = U x 
{m}} and for I e L, g e G and m G 7Ti(X, x), let W\^ g := Vi >m x {(?}. 
Then, {Wi^ g : I & L, m G 7Ti(X, x), g G G} is a cover of X x G by open 
definably connected, definable subsets such that [S]Wi jmj9 nWj )rri)S = for all 
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[£] G 7n(X,x) \ {1}. Let (Y,y) := (X X G/ni(X, x), (x, l)/m(X,x)) and let 
r : K — > X be the strictly properly \/-definable map induced by p. There 
is a natural action of G on Y induced by the natural action of G on X x G. 
Its now easy to see, using an argument similar to the one above, that G 
acts properly on Y and ((Y,y),r, (X,x)) is a strictly properly \/-definable 
G-covering space. 

Let B : G-COV(X, x) — > Hom(iri(X,x),G) be the map defined as fol- 
lows: given a strictly properly \/-definable G covering space ((Y, y),p, (X, x)), 
let p G Hom(iTi(X, x), G) be determined by p([T])y — y*H. Now, some easy 
computations, show that the map A is the inverse of the map B. □ 



4.5 The Seifert-van Kampen theorem 

We give here the proof of the o-minimal version of the Seifert-van Kampen 
theorem for X without assuming that X is properly \/-definably complete. 
The prove we present here is analogue to Grothendieck proof in the classical 
case (see flrcj). 

Lemma 4.28 Let {X a : a G A} with \A\ < Ki be a cover of X by properly 
\J '-definable open sets with properly \f -definable covering maps p a : Y a — > 
X a . Suppose that for each a, (3 G A, we have strictly properly \j -definable 
isomorphisms 

e a3 : p~\x a n x?) — P -\x a n x?) 

of strictly properly \J -definable coverings of X a H X' 3 , suc/i t/iat /or ever?/ 
a, /3, 7G A we have 9 a , a = lya and 7jQi = 7j/ g o ^ ^ on p~ 1 (X a fl X' 3 fl X 7 ). 
T/ien i/iere zs a strictly properly \J -definable covering map p : Y — ► X and 
there are strictly properly \J -definable isomorphisms \ a : Y a — ► p^ 1 (X a ) of 
strictly properly \J -definable coverings of X a such that 9 a> p = A^ 1 o \ a on 
p-\X a n X 13 ) and Y = {J{^(Y a ) : a G A}. 

Moreover, if each p a : Y a — ► X a is a strictly properly \J -definable 
G-covering and each Q a $ is a strictly properly \J -definable isomorphism of 
strictly properly \J -definable G-coverings, then p : Y — > X is a strictly 
properly \J -definable G-covering and each \ a : Y a — > p~ l (X a ) is a strictly 
properly \J -definable isomorphism of \J -definable G-coverings. 
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Proof. We take Y to be the disjoint union of copies Y^s of the Y a, s, we 
take on Y the natural charts induced by those of the Y a, s together with the 
charts induced by the 9 ai ps. \ a : Y a — > Y a is the natural strictly properly 
\/-definable homeomorphism, p : Y — > X is defined by p o X a = p a on Y a . 
Since X a is a strictly properly \/-definable homeomorphism, p is in fact a 
strictly properly \/-definable covering map. 

If each p a : Y a — > X a is a strictly properly \/-definable covering map and 
each 9 at /3 is a strictly properly \/-definable isomorphism of strictly properly 
\/-definable G-coverings, then there is a unique action of G on Y commuting 
with each \ a i.e., \ a (gy a ) = g\ a (y a ) for g G G and y Q G y a . This gives 
the strictly properly \/-definable covering the structure of a strictly properly 
\/-definable G-covering, so that each \ a is a strictly properly \/-definable 
isomorphism of strictly properly \/-definable G-coverings. □ 

Theorem 4.29 Let {X a : a E A} with \A\ < t^i be a cover of X by open 
properly \J ' -definably connected properly \j ' -definable subsets such that for any 
a, (3 G A there is 7 G A with X 7 = X a n X p and for all a G A, x G X Q 
where Xq is some point of X. Then for any group G and any homomorphisms 
h a : 7ripr a ,Xo) — >■ G swc/j t/iat hp = h a o i Q/3 whenever X 13 C X a and i Q/3 : 
7r 1 (X^,xo) — > 7r 1 (X Q ,xo) «s t/ie homomorphism induced by the inclusion, 
there is a unique homomorphism h : 7Tx(X,Xq) — > G such that h a = h o j a 
for all a £ A, where j a : 7ii(X a ,xo) — >■ iri(X,xo) is the homomorphism 
induced by the inclusion. 

Proof. By proposition [4.27] , the homomorphisms h a : iri(X a ,Xo) — > G 
determine strictly properly \/-definable G-coverings p a : Y a — > X a together 
with base points ?/q over x . The equality hp = h a o i a/3 whenever X 13 C X a 
and i a p : 7r 1 (X /3 ,x ) — > n 1 (X a ,x ) is the homomorphism induced by the 
inclusion, allows by lemma [4.28| the construction of a strictly properly \/- 
definable G-covering p : Y — > X that restricts to the strictly properly 
\/-definable G-coverings p a : Y a — > X a . This strictly properly \/-definable 
G-covering corresponds to a homomorphism h : tti(X,xq) — > G, and the 
fact that the restricted coverings agree means precisely that h o j a = h a . □ 
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Corollary 4.30 Suppose that X is properly \J -definably complete. Then 
ttx(X,x) is invariant under taking elementary extensions, elementary sub- 
structures of M (containing the parameters over which X is defined) and 
under taking expansions of J\f and reducts of Af on which X is defined and 
X has definable choice. 



Proof. Since X is properly \/-definably complete, there is a cover {X a : 
a G A} (with \A\ < Ki) of X by open properly \/-definably connected, locally 
finite properly \/-definable subsets such that for any a, (3 G A there is 7 G A 
with X 7 = X a n X 13 and for all a G A, x G X a where Xq is some point of 
X. The result now follows from theorem 13.151 and theorem 14.291. □ 



4.6 Strictly properly \/-definable Cech cohomology 

Definition 4.31 A properly \J -definable cover of X is a covering U= {U\ : 
I G L} of X with \L\ < Ni such that for each £ G L, JJ\ is an open definably 
connected subset of X and for each % G /, there is a finite subset Lj of L 
such that Xi C U{C7j : Z G Lj}. We say that a properly \/-definable cover U 
of X is definably simply connected if for each I G L, U\ is definably simply 
connected. 



Definition 4.32 Let G be a group with |£?| < K x and consider G as a 
properly \/-definable manifold of dimension zero. Let IA = {Ui : / G L} be a 
properly \/-definable cover of X. Let 5 = {(m, n) G Lx L : C/ m C\U n ^ 0}. A 
strictly properly \J -definable Cech cochain ofU if a collection {g mj „ : (m, n) G 
S} (denoted {g m ,n}) of strictly properly \/-definable continuous maps gf m) „ : 
U m n Z7 n — > G. A strictly properly \/-definable Cech cochain {^m^} of U is 
a strictly properly \f -definable Cech cocycle ofU, if for all m,n,k G L such 
that (m, n), (m,k), (k,n) G 5 the following properties hold: (1) (? mim = If?; 
(2) s- m ,„ = (fi'n,™) -1 and (3) ^ mi „ = g m ,kgk,n on [7" m n t/" fc n U m . Two strictly 
properly \/-definable Cech cocycles {^ m>ri } and {h m ^ n } of W are said to be 
strictly properly \J -definably cohomologous if there are strictly properly \J- 
definable continuous maps k m : U m — >■ G such that h m ^ n = {krn)~ X 9m,nk n 
on U m fl f/ n for all m, n G L such that (m, n) G S 1 . This is an equivalence 
relation, the equivalence classes are called strictly properly \J -definable Cech 
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cohomology classes on U with coeficents on G and the set of equivalence 
classes is denoted by H X {X,IA\ G). 

Proposition 4.33 Suppose that U is a definably simply connected, properly 
\J -definable cover of X . Then there are canonical bijections between the fol- 
lowing sets: G-COV(X) and Hom(iri(X,x),G)/conjugancy. 

Proof. A canonical bijection between Hom(iri(X,x),G)/conjugancy 
and G-COV(X) is obtained from the proof of proposition |4.27| . We now 
construct a bijection between H l (X,U;G) and G-COV(X). 

Let (Y,p,X) be a strictly properly \/-definable G-covering. Since each Ui 
is definably simply connected, there are strictly properly \/-definable isomor- 
phisms ai : Ui x G — > p^^i) of strictly properly \/-definable G-coverings. 
For each (m, n) G S, let a. m ^ n : U m fl U n x G — > U m fl U n x G be given by 
otm,n '■= ( a m) _1 ° oc n . Its easy that, for each (m,n) G S 1 , there is a unique 
strictly properly \/-definable continuous map g mn : U m fl C/ n — > G such 
that a mjn (x, g) = (x, gg m ,n(x)). It folows from the definitions that {g m>n \ is 
a strictly properly \/-definable Cech cocycle on i/. Moreover, an argument 
similar to the one above, shows that the class of {g m ,n} in H X {X : U; G) does 
not depend on the choice of {ai : / G L} and depends only on the class of 
(Y,p,X) in G-COV{X). 

Conversely, given a strictly properly \/-definable Cech cocycle {g m , n } on 
U with coeficients in G, the result follows from lemma |4.28| if we take, for 
each l,m,n G L such that (m, n) G S, X 1 = U h Y l = Ui x G, : — > X 1 
given by pi(x,g) := a; and m)n : p^(X m fl X n ) — > ^(I™ fl X n ) given 
by O m ,n(x,g) '■= (x, gg m>n ( x ))- Moreover, its easy to verify that, the strictly 
properly \/-definable G-coverings constructed in this way from strictly prop- 
erly \/-definable cohomologous strictly properly \/-definable Cech cocycles 
are strictly properly \/-definably isomorphic G-coverings. □ 

Let H X ((X, x), U\ G) be the set of equivalence classes of strictly prop- 
erly \/-definable Cech cocycles {<7 m , n } on U with coefficients in G such that 
gm,n( x ) — e f° r an (m,n) G S with a; G t/ m fl C/ n , under the equivalence 
relation given by {g m>n \ ~ {^m,n} iff there are strictly properly \/-definable 
continuous maps {ki : U\ — > G : I G 1} such that for all l,m,n G L with 
x EUi and (m,n) G 5, we have ^(x) = e and /t m)Tl = (A; m ) _1 g m ,nkm- 
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Corollary 4.34 Let U be a definably simply connected properly \J -definable 
cover of X . Then there are canonical bijections between the following sets: 
H\{X,x),U;G), G-COV(X,x) and Hom^X, x), G) . 

4.7 Strictly properly \/-definable //-groups 

Definition 4.35 (X, /i,xq) is a strictly properly \J -definable H -manifold if 
the strictly properly \J -definable multiplication /x : (X x X,(xo,xo) — ► 
(X,xo) and the unit xo are continuous and satisfy [/x o i^\ ~ [l x ] — [/x o i 2 ], 
where i\,i 2 '■ X — > X x X are the continuous strictly properly \/-definable 
maps i\{x) = (x,x ) and ^(x) = (x ,x). A strictly properly \/-definable 
//-group is (X, /x, i, x ) where (X, /x, x ) is a strictly properly \/-definable 
//"-manifold with [p(/ix l x )] = [p (l x x /x)] (i.e., /x is strictly properly \/- 
definably //-associative) and the strictly properly \J -definable H-inverse i : 
X — > X is continuous and satisfies [/xo(tx l x )oAx] — [cx ]— [/ i0 (la; Xi ) ^x] 
where Ax : X — ► X x X is the diagonal map. A strictly properly \J- 
definable //-group (X, /x, i, xq) is strictly properly \/-definably //-abelian if 
[/x] = [/x o r] where r : X x X — > X x X is given by r(x, y) = (y, x). 

Definition 4.36 A pointed, continuous strictly properly \/-definable map 
h : (X, x ) — ► (Y,yo) between strictly properly \/-definable //-manifolds 
(X, /x, x ) and (Y, 7, y ) (resp., //-groups (X, /x, 6, x ) and (Y, 7, C, yo)) is called 
a strictly properly \j -definable H-map (resp., H -homomorphism) if [/i o /x] = 
[7 o (/i x /i)] (resp., also [/iot] = [£ o /i]). 

Let £ and T be definable path in X with £ = Ei • • • T = I\ • • • T/ 
where the Ej's (resp., the r,-'s) are definable basic paths parametrised by o~i : 
(ai,bi) — > X (resp., jj : (cj,dj) — > X). For t G [a*, bj\ (resp., t G [cj,dj]) 
we define (S,T)(t) := (£(i),r(t)) to be (a^t), inf T) (resp., (sup E, 7i (t))) 
where, if Ej = e x and so (aj,6,) = (resp., Tj = e y and so (cj,dj) = 0) we 
set cTj(i) = x (resp., 7^) = y). 

Lemma 4.37 // (X, /x, xo) is a strictly properly \J '-definable H -manifold, 
then 7Ti(X, x ) is an abelian group. 

Proof. For definable paths E and T in X let Er be the definable path 
such that Sr(t) := /x(E(t), T(t)). It follows from the definition that: (1) 



49 



[e X0 T] = [EeJ = [£]; (2) if [E] = [£'] and [r] = [F] then [Er] = [ET']; 
and (3) (E • T)(E' • L") = (EE') ■ (IT'). Now the lemma follows from the 
definable homotopies: [E • T] = [{Ee Xo ) ■ (e X0 T)] =[(E • e xo )(e Xo ■ T)]= [Er], 
[r • E] = [(e xo r) • (Ee xo )] = [(e Xo • E)(r • [Er]. □ 



Proposition 4.38 Suppose that (X,p,X) is a strictly properly \] -definable 
covering space. Consider the diagram of continuous strictly properly \J- 
definable maps 

Y X X 

y x |r| -5. x, 

where j(y) := (y, inf T) for all y EY . Then there exists a unique continuous 
strictly properly \J -definable map H : Y x |T| — ► Y making the diagram 
commutative. 



Proof. Since Y is properly \/-definably connected then so is Y x |T|, 
and because H(y,mfT) = f(y) for all y G Y, by lemma |4~4] , H is unique. 

Note that its clearly enough to assume that T is a definable basic path 
parametrised by say 7 : (a, b) — > Z. And therefore we can assume as well 
that |T| = [a, b\. Let {Ui : I G L} be a p-admissible family of open definable 
subsets of X. Since H is continuous strictly properly \/-definable, for each 
I G L, there is a family {Vf : j G J2} with | J/| < Mi of open definable subsets 
of y x 7 such that {V"/ : j G J/} = H' 1 ^). Let tti : y x [a, b) — >Y and 
7T 2 : y x [a, b] — ► [a, b] be the natural projections. 

We will first construct H] : V t J — > X, for each I G L and j G J; such 

that (1) poH\ = H\ V {, (2) for all (y,a) G V>, Ejfo.a) = /(j/) and (3) 

for all (?/,£) G fl VJ 3 , H\(y,t) = H v {y,t). Its then clear that under 

these conditions, the collection {H] j G J;} determines the strictly 

properly \/-definable map H satisfying the proposition. 

Let {O™ : n G N{\ be the open definable sheets in X over [//, and let 
A? = T\0?) in y. For each n G AT,, let n := V t j n ^(A?). Then y/' n 
is a disjoint cover of by open definable sets. Define H{ n : VJ J '' 1 — ► Of 
by iff := (p|o n ) _1 77. We have thus constructed H 3 l ,n : V^' n — > X, 
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for each I G L, j G Ji and n £ Ni such that (1) p o H J ' n = H^ v j, n , (2) 
for all (y,a) G V/' n , Hf n {y,a) = J{y) and (3) for all (y,t) G Vf" fl V^'' n ', 

flJ' B (y,0 = flj v (y 1 *).. n 

The collection {if/ : n G A*";} clearly determines H t satisfying (1), (2) 
and (3). □ 

Given a strictly properly \/-deflnable if-manifold (X,fi,x ) (resp., given 
a strictly properly \/-definable if -group (X, /i, i, x )) we define in the obvi- 
ous way the notion of strictly properly \/-definable ff-submanifold (resp., 
strictly properly \/-definable if-subgroup, strictly properly \/-definable H- 
centre Z(X) of X, etc.,). 

Theorem 4.39 Suppose that ((Y, yo),P, (X, xo)) is a strictly properly \/- 
definable covering space and (X, Xo) is a strictly properly \J -definable H- 
manifold. 

(1) There is a unique structure (Y, 7, y ) of a strictly properly \J -definable 
H -manifold on Y such that the diagram below commutes. 

Y xY ^ Y 
l pxp l p 
X xX A X. 

Moreover, if (X, /i, l,Xq) is a (strictly properly \J -definably abelian) strictly 
properly \J -definable H-group then there is a unique structure (Y, 7, C>Z/o) °f 
a (strictly properly \f -definably abelian) strictly properly \J -definable H-group 
such that the following diagram 

Y ^ Y 
i p i p 
X A X 

is commutative. 

(2) With respect to 7, p _1 (x ) is an abelian group isomorphic with 

ir 1 (X,x )/ P 4ir 1 (Y,y )) ~ Cov{Y/X). 
Moreover, if (X,/j,, t,x ) is a strictly properly \J -definable H-group then 

(p _1 (zo), 7|p- 1 (x ) ! (\ P -Hx ),yo) 
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is a strictly properly \J -definable H -subgroup contained in the strictly properly 
\J -definable H -centre Z(Y) ofY. 

Proof. (1) Let / = fx a (p x p) then by the proof of lemma |4.37| we see 
that 

/*(7Ti(y x Y, (y , y )) Cp^(m(Y,yo)). 

Therefore, by proposition there is a unique strictly properly \/-definable 
7 such that 7(2/0, Z/o) = Vo and the diagram in (1) is commutative. To see 
that 7 satisfies the condition of a multiplication of a strictly properly \/- 
definable if -manifold, we consider by proposition [4.38| the strictly properly 
\/-definable liftings Hj (j = 1,2) of the corresponding strictly properly \/- 
definable homotopies Hj for \jJioij\ = [l x ] in the strictly properly \/-definable 
if -manifold X. The rest of (1) is proved in a similar way. 

(2) By lemma [4.37| , tt%(X, x ) is abelian. Therefore, (Y,p,X) is regular 



by corollary [4.13| and Cov(Y/X) ~ ^i(X, x ) / p*(tti(Y, y ). We define a bi- 
jection ip : iti(X, Xq) — ► j9 _1 (x ) by ^([S]) = yo * S. By the diagram in (1), 
(j9 _1 (xo), 7|p-i(x )j 2/o ) is a strictly properly \/-definable if-submanifold. By 
lemma |4.37| we have, [£T]= [ET] and so |/o*(S-r) = yo*(Er). Therefore, r/> is 
a homomorphism and from previuos results we see that kerip = p*(7Ti(Y, yo))- 
For y e Kerp, the strictly properly \/-definable left and right if -translations 
Ly,R y : Y — ► Y given by L y (z) = j(z,y) and Ry(z) = j(y,z) respectively 
satisfy [poL y ] = [p]= \poR y ) and [L y (y )]= [e y ] = [R y (y )], hence [L y ] = [R y ] 
by proposition |4.38| . □ 



Similarly we get the following result: 

Corollary 4.40 Suppose that ((Yi, yi,o),Pi, PQ, %i,o)) fori = 1,2 are prop- 
erly \J -definable covering spaces and (Xi, fa, x it0 ) (resp., (Xi, fa, ii,Xi >0 )) are 
strictly properly \J -definable H -manifolds (resp., H -groups) with a strictly 
properly \/ -definable H-map (resp., H -homomorphism) h : (Xi,Xi t o) — > 
(X 2 ,x 2 ,o)- Then there are unique structures (Y h ji,y ifi ) (resp., (Y h ji,Q,y it0 ) 
of strictly properly \J -definable H -manifolds (resp., H -groups) on Yi and a 
unique strictly properly \J -definable H-map (resp., H -homomorphism) I : 
(Yi,yi t0 ) — > (12,2/2,0) such that the diagram below commutes 

{Yuyifl) (^2,2/2,0) 

(XijXifi) — > (X 2 ,a;2,o)- 
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5 Strictly properly \/-definable groups 



In this section, X= (X, (Xi, 4>i)iei) and Y= (Y, (Yj, ipj)jej) will be (properly) 
\/-definable manifolds and ZCI will be a (properly) \/-definable subset of 
X. Note that we do not assume that Z, X or Y have definable choice or are 
(properly) \/-definably connected. 

5.1 Strictly properly \/-definable groups 

Definition 5.1 A strictly (properly) \J -definable group is a group (Z, fi, l, Zq) 
on Z with identity z and such that the product map fi and the inverse map 
i are strictly (properly) \/-definable maps. Strictly (properly) \J -definable 
rings are defined in a similar way. 

Lemma 5.2 Suppose that Z is a strictly (properly) \J -definable group and 
let V be a large (properly) \J -definable subset of Z . Then countably many 
translates ofV cover Z. 

Proof. This is just like in lemma 2.4 in [ jpj] : Let M.-< M be a small 
model over which (Z, /i, i, z ) and V are defined, and assume without loss of 
generality that M is Hq-saturated. Let i G I z ', a G Zi and let c G Z^ be a 
generic point of Z over M such that tp(c/Ma) is finitely satisfiable in M. 
Then c is a generic point of Z over Ma (see proof of lemma 2.4 in ||pl|| ). Since 
V is a large properly \/-definable subset of Z, so is /x(V, t(a)) and therefore, 
c G /i(Vfc, i(a)) and a G /x(t(c), \4) for some k & Ki where a finite subset of 
I v such that Zi C U{/i(i(Zj), 14) : A; G i^i} (this exists because [i and t are 
strictly (properly) \/-definable) . Since tp(c/Ma) is finitely satisfiable over 
M, there is b G Zi(M) such that a G /i(6, \4) for some G Ki. Therefore, by 
compactness theorem, for each i G I z , there are b\,...b n G Zi(M) such that 
for every a G Zj, a G /u(6j, \4) for some j = 1, . . . , Tj and k G Ki. □ 

Lemma together with the properly \/-definable cell decomposition 
theorem, gives similarly to what happens in the definable case (see [E>T| and 
|ppsl[ |) the following result for strictly (properly) \/-definable groups and 
rings. The version of this result (also included in the statement of theorem 
|5~3l ) for strictly \/-definable groups and rings, which shows that these groups 
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and rings are strictly \/-definable topological groups and rings appears in 



1pst2 



Theorem 5.3 Let Z be a strictly (properly) \J '-definable group (resp., ring) 
and W a strictly (properly) \J -definable subgroup (resp., left or right ideal). 
Then there are unique structures of properly \f -definable manifolds on Z and 
W such that Z (resp., W) is a strictly (properly) submanifold of X (resp., 
Z) and the group (resp., ring) operations are continuous (in fact C p ) strictly 
properly \J -definable maps. Any strictly (properly) \J -definable homomor- 
phism between strictly (properly) \J -definable groups (resp., rings) is a con- 
tinuous (in fact C p ) strictly (properly) \j -definable homomorphism. More- 
over, W is closed in Z, W is open in Z iff dimW = dimZ and, when both 
Z and W are strictly properly \f -definable groups then dimW = dimZ iffW 
has countable index in Z . 



Proof. For each i G I z we have Zi = U{Z? : s G Si} where \Si\ < K x 
(in fact | Si | = 1 if X is properly \/-definable) and each Z- is a definable 
subset of Xi. Suppose that dimZ = k. Then by cell decomposition theorem, 
each Z- is a finite union of cells. For each i G I z and s G Si, let Vf be 
the union of the cells of Z? in the cell decomposition of Z\, of dimension 
k. Note that each Vf is a disjoint union of finitely many definable subsets 
Ufi, . . . , U' n . definably homeomorphic to an open definable subset of N k and 
V = U{V7 : i G I z ', s G Si} is a large open (properly) ^-definable subset of 
Z. Using the same argument as in the proof of proposition 2.5 in [|pl| , we can 
further assume that: the inverse map is a continuous strictly (properly) \/- 
definable map from V into V; there is a large (properly) \/-definable subset 
U of Z x Z such that U is open and dense in V x V, multiplication is a 
continuous strictly (properly) \/-definable map from U into V and for any 
a G V, if b is a generic of V over a, then (6, a) G U and (t(b), fj,(b,a)) G U. 
The rest of the arguments in |pT| show that Uf^s give Z the structure of a 
properly \/-definable manifold such that the group (resp., ring) operations 
are continuous (in fact C p ) strictly properly \/-definable maps. Lemma 2.6 in 
[ |pst2|| shows that the structures of properly \/-definable manifolds on Z and 
W such that the group (resp., ring) operations are continuous (in fact C p ) 
strictly properly \/-definable maps and Z (resp., W) is a strictly (properly) 
submanifold of X (resp., Z) are unique (i.e., the inclusion maps are strictly 
(properly) \/-definable homeomorphisms onto their image). The result about 
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strictly (properly) \/-definable homomorphism is proved in lemma 2.8 in 
[|pst2|| and lemma 2.6 in [|pst2j| shows that W is closed in Z and W is open in 



Z iff dimW = dimZ. 

Suppose that both W and Z are properly \/-definable. Then clearly, if W 
has countable index in Z the dimW = dimZ. Suppose that dimW = dimZ. 
Looking at Z as a properly \/-definable manifold and W as an open properly 
\/-definable subset, we see that Z is a countable (disjoint) union of cosets of 
W in Z. □ 

For general strictly \/-definable groups, even though we have that, if W 
has countable index in Z then dimW = dimZ the reciprocal does not hold: 
take J\f= (N, 0, +, <) an Ki-saturated extension of (R, 0, +, <), Z = (N, 0, +) 
and W the convex hull of R in Z. 

Remark 5.4 We will from on assume that if (Z, /x, l, Zq) is a strictly (prop- 
erly) \/-definable group (resp., ring), then Z= (Z, (Z k ,r k ) keK ) is the corre- 



sponding unique properly \/-defmable manifold on Z given by theorem [5]3 
Since Z is then a properly \/-definable subset of Z (relative to Z) we will 
simply say that Z be a strictly properly \/-definable group (resp., ring). By a 
definable (resp., properly \/-definable, \/-definable) subset (resp., subgroup, 
ideal, etc.,) of Z, we will mean a definable (resp., properly \J '-definable, V" 
definable) subset (resp., subgroup, ideal, etc.,) of Z relative to Z. Finally, as 
usual we will some times write xy for fj,(x, y) and x~ l for l(x). 



Corollary 5.5 Let Z be a strictly properly \J -definable group (resp., ring). 
Then the properly \f -definable connected component Z° of Z is the smallest 
strictly properly \J -definable subgroup (resp., ideal) of Z of countable index. 
If {Z s : s G S} is a decreasing sequence of strictly properly \J -definable 
subgroups (resp., left or right ideals) of Z then fl{Z s : s G S}= H{Z S : s G 
So} f or some So C S with \So\ < Ni and is a strictly properly \J -definable 
subgroup (resp., left or right ideal) of Z . 

Proof. The first part is clear. So suppose that {Z s : s G S} is a 
decreasing sequence of strictly properly \/-definable subgroups of Z. For 
each s G S, let k s := dimZ s . Since {k s : s G S} C {0, . . . , dimZ}, there are 
k\ < . . . < k m in {0, . . . , dimZ} and there are disjoint subsets Si, . . . , S m of 
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S such that S = Si U • • • U S m and for each I G {0, . . . , m}, if s G S/ then 
dimZ s = ki. Therefore, since we want to determine (1{Z S : s G S}, we may 
assume without loss of generality that, for all s G S, dimZ s = r. It follows 
from the first part, that for all s 6 S, the properly \/-definable connected 
component of Z s is the same properly \/-definable subgroup V. Let s be the 
first element of S (we can assume, without loss of generality that s exists). 
Then there is a decreasing sequence {U s : s G S} of properly \/-definable 
countable subsets of Z s ° containing the identity element and such that for 
each s G S, Z s = U{uV : u G U s }. Note that, there is So C 5 such that 
\S \ < Ni and {U s : s G 5}= {£/ s : s G So}. Let U = n{U s : s G S}. Then C/ 
is a countable nonempty (contains the identity) properly \/-definable subset 
of Z s °. Let W := UlwV :u£ [/}. Then is a strictly properly \/-definable 
subgroup of Z such that W = (~){Z S : s G S 1 }. 

The results for the strictly properly \J '-definable rings follows from the 
corresponding results for strictly properly \/-definable groups. □ 

From (the proof of) corollary |5.5| we easily get the following result. 

Corollary 5.6 Let Z be a strictly properly \J -definable group and let S C Z . 
Then Cz(S) = {z G Z : Ms G S, zs = sz}, the centraliser of S in Z, is a 
strictly properly \J -definable subgroup. In fact there is Sq C S such that 
\Sq\ < Mi and Cz(S) = Cz(So), and for each k G K Cz( - s \ there is a finite 
subset Ak of S such that Cz{S) H Z^ = Cz(Ak) H Z^. In particular, if A is 
a subgroup of Z , then the centre of Cz{A) is a strictly properly \j -definable 
subgroup of Z containing A, which is normal if A is normal. 

Similarly to corollary 2.15 in ||pl|| (see also proposition 5.6 in ||p2|| ) we get: 

Corollary 5.7 Let Z be an infinite strictly properly \j -definable group. Then 
Z has an infinite strictly properly \J -definable abelian subgroup. 

We finish this subsection with a result that generalises a theorem from 



1| on definable groups. 



Theorem 5.8 Let X be a strictly properly \J -definable group and let Z be 
a normal strictly properly \J -definable subgroup of X . Then we have strictly 
properly \J -definable extension l^Z-tl^y^lo/ strictly properly 
\j -definable groups, with strictly properly \J -definable section s : Y — > X . 
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Proof. This is proved by adapting the corresponding result from 



for definable groups. We first find Y. The argument in |el] shows that 
for each i G J, there is a large definable subset Ui of Xj and there are 
definable functions . . . , : Ui — > N such that for each x G Ui, there is 
z G xV fl Xj with = (Zj,i(x), . . . , Zj, m (x)) and for all y G Ui, if = 

then (h,i{x),...,li >m (x)) = (k,i(y) , ■ ■ ■ , k, m (y)) ■ Let U = U{Ui : i G I}. 
Then [/ is a large properly \/-definable subset of X. Let / = {0, 1, . . .} be 
an enumeration of / and let I : U — > X the strictly properly \/-definably 
map defined inductively in the following way: for x G Uq, l(x) := 4>~ l (Iq(x)); 
suppose that / has been defined on Uq U • • • U Z7&, then we define Z on Uk+i 
by Z(x) := (j)ll x {l k+1 {x)) if n (C/ U • • • U U k ) = or Z(x) := l(y) for some 
(for all) y G n (U U • • ■ U U k ). Clearly I : U — > X is well defined. Since 
U is a large properly \/-definable subset of X, there is a subset {x s : s G S} 
of X with | SI < Ni such that X = U{x s U : s G S}. Let 5 = {0, 1, . . .} 
be an enumeration of S and let L : X — > X be the strictly properly \/- 
definable map defined inductively in the following way: for x G xqU, L(x) : = 
xqI(xq 1 x); suppose that L has been defined on XqU U • ■ ■ U x k U, then we 
define L on Xk+iU by L{x) := Xk+il(x^ +1 x) if fl (xqU U • • ■ U XjJJ) = 
or L(x) := L(y) for some (for all) y G xV fl (xo?7 U • • • U XjJJ). Clearly, 
L : X — > X is well defined and moreover, for x,y G X, L(x) = iff 
xV = yV. Take Y := L(X) and j = L : X — > Y. It turns out that Y is a 
properly \/-definable subset of X with a strictly properly \/-definable group 
structure given by xy = L(L^ 1 (x)L^ 1 (y)). 

To find the strictly properly \/-definable section s : Y — > X we use the 
same argument, just like in the definable case (see [|el| ). □ 



5.2 The centerless case 

Definition 5.9 We say that a strictly properly \/-definable group X is prop- 
erly \J-definably semisimple if X has no strictly properly \/-definable normal 
abelian subgroup of dimension bigger than zero. 

In particular, a strictly properly \/-definable group has centre of dimen- 
sion zero. The following lemma will be useful later. 

Lemma 5.10 Let X be a properly \J -definably connected strictly properly 
\J -definable group. Then every strictly properly \j -definable normal subgroup 
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of X of dimension zero is contained in ZiX) and if Z(X) has dimension 
zero then, X/Z(X) is a centerless strictly properly \J '-definable group. 

Proof. This is proved in the same way as in the definable case (see |]eTj] ) . 

□ 



Theorem 5.11 If X is a centerless, properly \J-definably semisimple, prop- 
erly \J -definably connected strictly properly \J -definable group, then X = 
X\ x • • • x X\ and for each k G {1, . . . , /}, there is a definable real closed field 
Rk such that there is no definable bijection between a distinct pair among 
the Rk 's, and there is an Rk-semialgebraically connected, Rk-semialgebraic 
subgroup Gk of GL(nk, Rk) which is a direct product of Rk-semialgebraically 
simple, Rk-semialgebraic subgroups of GL(n k , Rk) such that X k is strictly 
properly \J -definably isomorphic to a \J -definable open and closed subgroup 
ofG k . 

Proof. The proof is a modification of the corresponding result in |[ppsl|| 
for definably semisimple groups. We will therefore assume the readers famil- 



iarity with the terminology of [|ppsl 



Arguing as in the proof of theorem 3.1 in [|ppsl|| and using the fact that the 
centraliser Cx{U) in X of any subset U of X is a strictly properly \/-definable 
subgroup of X (see corollary p.5|), we see that X is a direct product of strictly 
properly \/-definable unidimensional subgroups. So we may assume that X is 
unidimensional. Further, we may also assume that M is Ki-saturated and just 
like in [ |ppsl ] , there is an open transitive interval M such that e = (d, . . . , d) 



for some d G M, where e = (pi (xo), xq is the identity of X and xq G X io and 
moreover, if B — M n where n = dimX then <p^HB) is an open definable 
neighbourhood of Xq. Let p : M — > B be the continuous injection defined as 
p(x) = (x, d, . . . , d). Let M+ := {b G M : b > d}, for b G M + let M b := {c G 
M : d < c < b}, and let Y b := C x (M b ) where M b := 0r 1 (p(M 6 ))). Clearly, 
{Y b : b G M + } is a sequence of strictly properly \/-definable subgroups 
of X such that if b' < b then Y b C Y v and therefore, by corollary |5.5|, 
{Cx(Y b ) : b G M + } is a sequence of strictly properly \/-definable subgroups 
of X such that if b' < b then C X {Y V ) C C x (Y b ). Let Y = U{Y b : b G M+}. 
Then Cx(Y) = n{Cx(Y b ) : b G M + }. Hence by corollary |5T5| , there is subset 
{b s : s G S} of M+ with |5| < and such that C X (Y) = n{C x (Y bs ) : 
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s E S}. By saturation, there is b G M + such that for all s G S, b > b s . 
Therefore, C X {Y) = C x {Y b ) and Y = Y b (since M b C C X (Y 6 ) = C X (F), we 
have K C Cx(M b ) = Yb). Since X is centerless and properly \/-definably 
connected, dimY < dimX (otherwise, Y = X and M b C Z(X)). Hence, 
f? cannot be covered by finitely many left cosets of Y, and arguing as in 
[|ppsl|| , there is a definable real closed field R on some open subinterval of M. 
Furthermore, just like in the proof of theorem 3.2 in | ppsl ] we see that Ad : 
X — > GL(n, R), where Ad(x) is the differential at xq of the strictly properly 
\/-definable automorphism a(x) : X — > X given by a(x)(z) := xzx~ l , is a 
strictly properly \/-definable injective homomorphism. Let G := Aut(x)< 
GL(n, R) where x is the Lie algebra of X. By theorem 2.37 in fr>psl|| , G and 
G° are i?-semialgebraically semisimple i?-semialgebraic groups of dimension 
dimX, and clearly, by theorem |5.3| Ad(X) is an open and closed V"definable 
subgroup of G and since X is properly \/-definably connected, Ad(X) is an 
open and closed strictly properly \/-definable subgroup of G°. □ 



Corollary 5.12 Let X be a properly \J '-definably connected, strictly properly 
\f -definable group such that dimX = 1. Then, X is abelian, divisible and 
either X is torsion-free and properly \f -definably ordered or X is a definably 
compact definable group. 

Proof. Suppose that X is not abelian. Then every strictly properly 
\/-definable subgroup of X has dimension zero. In particular, dimZ(X) = 
and by lemma |5.10| , X/Z(X) is a centerless, strictly properly \/-definably 
semisimple strictly properly \/-definable group of dimension one. But by 
theorem |5.11| we get a contradiction. The rest, follows by adapting the proofs 
of the corresponding results for definable groups (see and |piSl|| ). □ 



5.3 The solvable case 

Recall from |eTj] that a definable abelian group U has no definably compact 
parts if there are definable subgroups 1 = U Q < U\ < ■ ■ ■ < U n = U such that 
for each j G {1, . . . ,n}, Uj/Uj-i is a one- dimensional definably connected, 
torsion-free definable group; and a definable solvable group U has no definably 
compact parts if there are definable subgroups 1 = Uq < U\ < • • • < U n = U 
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such that for each j G {1, . . . , n}, Uj/Uj-i is a definable abelian group with 
no definably compact parts. Definable solvable groups with no definably 
compact parts are classified in |el| . The next result (theorem |5.13| ), uses 
this fact to reduce the classification of strictly properly \/-definable solvable 
groups to the the classification of properly \/-definably complete such groups. 

Note that, theorem |5.8| makes possible to develop group extension theory 
and group cohomology theory in the category of strictly properly \/-definable 
groups with strictly properly \/-definable homomorphisms, just like in the 
category of definable groups with definable homomorphisms treated in fel] . 
The proof of the next theorem will use this theory, we therefore assume the 
readers familiarity the corresponding results from [JeT] . 



Theorem 5.13 If X is a strictly properly \f -definable solvable group. Then 
we have a strictly properly \J -definable extension l^Z—>X—>-Y—>l, where 
Z is a definable solvable group with no definably compact parts and Y is a 
properly \J -definably complete, strictly properly \J -definable solvable group. 



Proof. The proof is just like in the definable case (Hel|) and is based in 
the main result of |ps| . We therefore, need to show the analogue of the main 
result of |Q in the our more general context. Suppose that X is not properly 
\/-definably complete, and let a : (a, b) — > X be a definable injective map 

such that \im t >t>- a(t) does not exist in X. Let I := a(a, b) with the natural 

order <, for b G / let I >b := {x G / : x > b}, and for each x G X, let 
xi := {xt : t G /}. As in [p^j , define a properly \/-definable relation -<j on X 



by x -<j y iff for all t £ I, for all V definable open neighbourhood of y, there 
s G / and U a definable open neighbourhood of x such that UI >S C VI >1 '. 
And let ~/ be defined by x ~/ y iff x -<j y and y -<j x. Arguing just like 
in [pjj , we see that: (i) ~/ is a properly \/-definable equivalence relation 
on X; (ii) the class X\ of the identity 1 of X is a strictly properly \/- 
definable subgroup and (in) the equivalence classes of ~/ are exactly the left 
cosets of Xi. Moreover, lemma 3.7 []pi[ shows that Xi is in fact definable 
with dimension less than or equal to one, lemma 3.8 [ps] shows that X± has 



dimension one and lemma 3.9 [Q shows that Xi is torsion-free. □ 
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5.4 Covers of strictly properly \/-definable groups 



We are now ready to prove the main results of the paper, theorem |5.15| and 
theorem |5.16| below. But first we need the following lemma. 



Lemma 5.14 Let X be a strictly properly \J '-definable group (resp., ring). 
Then X has strong definable choice. 

Proof. Let R{X) be the maximal, properly \/-definably connected, 
strictly properly \/-definable solvable normal subgroup of X. Then, since 
we have a strictly properly \/-definable extension 1 — > R{X) — > X — > Y — > 1 
where Y is properly \/-definably semisimple, which by theorem |5.11| has 



strong definable choice, its enough to show that R(X) has strong definable 
choice. One the another hand, by theorem |5.13| , and a similar argument, 
its enough to show that a properly \/-definably complete, strictly properly 
\/-definable group has strong definable choice. But this can be proved using 



the same argument used in [elj to prove that a definably compact definable 



group has strong definable choice. □ 



Theorem 5.15 Let (X,fi, l,Xq) be a strictly properly \J '-definable group and 
suppose that ((Y, yo),p, (X, Xq)) is a strictly properly \f -definable covering 
space. 

(1) Then there is a unique structure (Y,7,C,2/o) °f a strictly properly \J- 
definable group on Y such that the diagram 

Y xY ^ Y 
l pxp l p 
X xX A X. 

and the diagram 

Y ^ Y 
i p i p 
X A X 

are commutative. 

(2) Moreover, (j9~ 1 (x ), l\p-^(x a )-, C\p- 1 {x )i Vo) is an abelian strictly properly 
\J '-definable subgroup isomorphic with 

7T 1 (X,x )/p^ 1 (Y,y )) ~ Cov(Y/X) 
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and contained in the centre Z(Y) ofY. 



Proof. This result follows immediately from theorem |4.39| , but it can 



also be proved directly using the same argument and proposition O instead 
of proposition |4.38| . □ 



Theorem 5.16 // ((Yi,y it0 ),pi, (X^x^o)) are strictly properly \j -definable 
covering spaces, (X, /ij, Li, Xj, ) are strictly properly \J -definable groups and 
h : (Xi,xi ]0 ) — ► (X2,X2,o) is a strictly properly \j -definable homomorphism, 
then there are unique structures (Y iy 7^ Q, y ij0 ) of strictly properly \j -definable 
groups on Yi and there is a unique strictly properly \J -definable homomor- 
phism I : (Yi,yio) — > {Y 2 , 1/2,0) such that the diagram below commutes 



Ci,3/i,o) 
(Xi,xi j0 ) 



(X2, 2/2,0) 
(X 2 ,x 2 ,o) 



Proof. This result is proved in a similar way to theorem 5.15 



□ 



Clearly, there are results analogue to theorem |5.15| and theorem |5.16| for 
strictly properly \/-defmable rings. 

Corollary 5.17 If(X,p,Z) be a strictly properly \/- definable covering space, 
then X is properly \J -definably complete (resp., abelian, nilpotent or solvable) 
iff Z is properly \J -definably complete (resp., abelian, nilpotent or solvable). 



Proof. This is a consequence of theorem |5.15| and corollary [5 



□ 



Theorem 5.18 Let X be properly \j -definably connected, strictly properly 
\J -definable group and let Z be a strictly properly \J -definable normal sub- 
group of X with dimZ = 0. Then (X,j,X/Z) is a regular strictly properly 
\J -definable Z-covering space, and 

Z ~ C0V(X/(X/Z)) ~ 7T 1 (X/Z,X/Z)/J,(7T 1 (X,X)). 

In particular, if h : Y — ► X is a strictly properly \f -definable surjective 
homomorphism such that dim(Kerh) = 0, then (Y, h, X) is a regular strictly 
properly \J -definable Kerh-covering space. 
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Proof. By corollary [4.26| , its enough to show that Z acts properly on X. 
For % G /, let ~j be the definable equivalence relation on Xj given by x ~j y 
iff xZ nXj = fl Xj i.e., iff there is z G Zj such that y = zx or x = zy 
(where Zj is some finite subset of Z, which exists by o-minimality since every 
thing is strictly properly \/-definable) . Clearly, for all x G Xj, |x/ ~j | < 
\Zi\ and there are: a positive natural number rrii, disjoint definable subsets 
Ai i (/ = 1, . . . , TTii) of Xj whose union is Xj, and positive natural numbers 
h,i > h,2 > ■ • • > ki >mi such that for all x G Ay, we have: \xj ~j | = k^i 
and x/ ~jC Ay- Therefore ~j induces a definable equivalence relation on Ay 
by restriction and there are subsets Z(i,l) of Zi such that for all x, y G Ay, 
x ~j y iff there is 2 G /) such that y = zx or x = 2;?/. The definable 
set {(x, y) G Ay x Xj : y G x/ ~j} is a disjoint union of the diagonal Ay 
of Ay together with the disjoint definable sets -Ry )Z (where z G Z(i,l)). 
Let «j,/3j : Xj x Xj — > Xj be the definable maps given by ai(x,y) = x 
and Pi(x,y) = y. Then i2y )Z is the graph of the definable homeomorphism 
7^,3 : aj(-Rj,y) — ► Pi(Ri,i, z ) given by 7^,^) := Pi(Ri,i,z n {(x,y) : j/ = zx}) 
or of the definable homeomorphism 7y )2f -i : ca(Rij,z) — > Pi(Ri,i,z) given by 
7i,;, z - 1 (a ; ) : = Pi{Ri,i,z n {(x,y) : = x}) . Let Ay )2 := a^iiy,*) and let 
-By,z : = 0i{Ri,i,z)- Its clear that there is an open definable subset Vj of Xj 
which is the interior in Xj of a definable set of the form Ai t i ljZl U • • • U Ay^ 
and such that: (1) for every x G Xj \ Vj there is z G Z; L such that x G zVj; (2) 
dim(Xi \ {zVi : 2 G Zj}) < dirnXf, and (3) for every z G Zj, if z 7^ 1 then 

^y. n y= 0. 

Since the properly \/-definable subset UjzVj : i G /, z G Zj} is large 
in X, there is a subset {x s : s G S 1 } of X with |S| < K x and such that 
X = U{zx s Vi :ie I, se S, z G Zi] (note that by lemma pTTOj Z C Z(X)). 
To finish we show that {zx s Vi : z G /, s G S, 2 G Z{\ is a Z-admissible family 
of definable open subsets of X. In fact, if u G Z and wzx^Vj fl zx s Vi 7^ 0, 
then uVj fl Vi 7^ 0. Therefore, n G Z ; or -u -1 G and so u — 1. □ 



5.5 Local strictly properly \/-definable isomorphism 

Definition 5.19 Let X and Y be strictly properly \/-definable groups, [/ 
an open properly \/-definable neighbourhood of the identity in X, and / : 
U — ► Y a strictly properly \/-definable map. We say that / is a locally 
strictly properly \f -definable homomorphism if for all x, y G U such that 



63 



xy G U, we have f(xy) = f(x)f(y) and there is a open properly \/-definable 
neighbourhood V of the identity of X such that V^V C U and {a^V : I G L} 
is an open cover of X with \L\ < K 1; such that for each i G i, there is a finite 
subset Lj of L with X; C U{^\/ : / G Lj}. 

Theorem 5.20 Let X and Y be strictly properly \J -definable groups, U an 
open properly \j -definable neighbourhood of the identity in X , and let f : 
U — > Y be a locally strictly properly \J -definable homomorphism. If X is 
definably simply connected, then f is uniquely extendible to a strictly properly 
\j ' -definable homomorphism f : X — > Y. 

Proof. Let x G X and consider a definable path r in X from the 
identity 1 to x. Then, there is a finite subset V of L such that |T| C U{xiV : 
I G L'} and therefore, there are definable paths r\, . . . , T m in X such that 

r = F 1 T m and for each j G {1, . . . ,m}, \Tj\ C x\V for some lj G L' . 

From this, it follows that for each j G {1, . . . , m}, | T^- j — 1 j T ^ | C V C U. Now 
define 

J r (x) = /((infr 1 )- 1 supr 1 )/((infr 2 )- 1 supr 2 )---/((infr m )- 1 su P r m ). 

The property of / in U shows implies that f r (x) = f s (x) for any definable 
path in X from 1 to x such that r ~ S. 

We now show that f r (x) is determined independently of the choice of the 
definable path T. Let £ be another definable path from 1 to x. Since X is 
definably simply connected, there is a definable homotopy T ~ H S between 
T and S. Similarly as before, there is a finite subset L" of L such that 
| if | C U{x{V : I G L"} and for every jfc-cell K (k = 0, 1, 2) of fi, \K\ C x Jjt . V 
for some G L". By the property of / in {7 and by the construction of 
f r (x) its enough to show the claim when H is a k-ce\\ (k — 0, 1, 2) such that 
I if I ^ a^/V" for some / G L and T ^- But under these assumptions, the 
claim is clear. 

Now define / : X — > Y, by f(x) := f-p(x) for some (for every) definable 
path r in X from 1 to x. By construction, / is an extension of / and, if we 
consider a properly \/-definable system of definable paths in X, we see that 
/ is a strictly properly \/-definable map. Moreover, / is continuous because 
/, the multiplication and inverse map on X are continuous. 
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Let x, y G X and let T and £ be definable paths in X from 1 to x and y 
respectively. Then, TE (notation from the proof of lemma [4.37|) is a definable 
path in X from 1 to xy and we have /r( x )/s(y) = fvs( x y)- This shows that 

7(.<-)7(//) 7(-'7/). '~ □ 



Two strictly properly \/-definable groups X and Y are called locally 
strictly properly \f -definably isomorphic, if there are locally strictly prop- 
erly \/-definable homomorphisms / : U C X — > Y and j:VCy — > X 

such that g o f\f-i(f(u)nv) = ^-f- 1 {f{u)nV) an d / ° g^-^giv^u) = l-rHaWnt/)- 
Note that, in a strictly properly \/-defmable covering space (Y,p, X), Y and 
X are locally strictly properly \/-defmably isomorphic. 

Corollary 5.21 If the strictly properly \J '-definable groups X and Y are 
definably simply connected, then X and Y are locally strictly properly \J- 
definably isomorphic iff X and Y are strictly properly \J -definably isomor- 
phic. 

Proof. Let / : U C X — > Y and g : V C Y — ► X be as in the definition 
of locally strictly properly \/-definably isomorphic. By theorem |5.2(J| , they 
can be uniquely extended to strictly properly \/-definable homomorphisms 
/ : X — > Y and ~g : Y — > X. Both ~gof:X — > X and lx are extensions of 
the inclusion U — > X. By uniqueness of the extension, we have ~go f = l x . 
Similarly, / o ~g~ — 1 Y . Thus X and Y are strictly properly \/-definably 
isomorphic. The converse is clear. □ 



Corollary 5.22 Let X and Y be properly \J -definably connected, strictly 
properly \J -definable groups and let X and Y be their universal strictly prop- 
erly \J -definable covering spaces. Then X and Y are locally strictly properly 
\j -definably isomorphic iff X and Y are strictly properly \J -definably isomor- 
phic. 



5.6 The m-torsion points of a definable abelian group 

In this subsection we describe ni(X) and the subgroup X[m] of m-torsion 
points of a strictly properly \/-definable abelian group X for which there 
is a definable group Z and a strictly properly \/-definable covering space 
(X,p,Z). 
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Lemma 5.23 Let X be properly \J -definably connected, strictly properly \J- 
definable group for which there is a definable group Z and a strictly prop- 
erly \j -definable covering space (X,p, Z). Then iri(X) is a finitely generated 
abelian group. 



Proof. We have tti(X) ~ p*(iri(X)) < tti(Z) and by lemma |4.37| , both 
7ri(X) and iti(Z) are abelian groups. Therefore, its enough to show that 
7Ti(Z) is finitely generated. By [^T| there definable groups V < Z and W < 



U = Z/V such that V is the maximal definable, solvable normal subgroup of 
Z with no definably compact parts, W is the maximal definable, definably 
compact, abelian normal subgroup of U and U/W is a definably semisimple 
definable group. Moreover, ir 1 (Z) ~ ^i{V) x tti(W) x tt^U/W), tti(V) = 
and by p2| , 7Ti(U/W) is a finite group. On the other hand, by theorem |3.15 



iii(W) ~ G(K, T) for some cell decomposition K of W with a maximal tree 
T and therefore, ivi(W) is also finitely generated and the result follows. □ 



Lemma 5.24 Let X be properly \J -definably connected, strictly properly \/- 
definable group and suppose that there is a definable group Z and a strictly 
properly \J -definable covering space (X,p,Z). Then X has unbounded expo- 
nent, the subgroup Tor(X) of torsion points of X is countable (in particular, 
if M is K - saturated, then X has elements of infinite order) and, if X is 
properly \J -definably complete and solvable then X is abelian. 



Proof. This follows from similar results for definable groups (see [il 



and H) together with theorem 5.15 and corollary 5.17 



□ 



Lemma 5.25 Let X be a properly \J -definably connected, strictly properly 
\J -definable abelian group. Form e N, letm : X — > X be the multiplication 
by m homomorphism. Then, m* : 7T±(X) — > is the homomorphism 

defined by m#([T])= m[T]. 

Proof. This is by induction on m. For m — 1 the result is clear, and 
if it is true for m > 1, then (m + l)*([r]) = [T(m o T)] (notation of lemma 
Q?D = [T • (m o r)] (by lemma |P7D = [T][m o T]= (m + l)[r]. □ 
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Theorem 5.26 Let X be a properly \J -definably connected, strictly properly 
\J -definable abelian group. Suppose that there is a definable group Z and a 
strictly properly \J -definable covering space (X,p,Z). Then X is divisible, 
7Ti(X) is a finitely generated torsion-free abelian group and for each m G N ; 
the subgroup X[m] of m-torsion points of X is a finite group isomorphic 
to 7Ci(X)/miTi(X). In particular, X is definably simply connected iff X is 
torsion-free. 

Proof. For m G N, let m : X — ► X be the multiplication by m homo- 
morphism. By lemma p>.24| , o?im(m -1 (0)) = 0. Since mX is a strictly properly 



\/-deflnable subgroup of X with dimX = dim(mX), we have ml = X and 
X is divisible. By theorem |5.18| , m is a strictly properly \/-defmable covering 
map and X[m] — ■K\{X)/m ie / Kx{X). By lemma |ST25| , X[m] — tv\(X) / mTt\(X) 
and so, X is definably simply connected iff X is torsion-free. Since 7Ti(X) 
is a strictly properly \/-definable subgroup of the universal strictly properly 
\/-definable covering X of X, which is torsion-free by the above, ffi(X) is 
torsion- free. By lemma |5.23| , iri(X) is finitely generated and the result fol- 



lows. □ 



In particular, assuming (as we conjecture), that for a definably compact, 
definably connected, definable abelian group X, ~K\{X) ~ jdimx f ]i ows 
from theorem |5.26| , that for every definably compact, definably connected, 
definable abelian group X, X[m] ~ (Z/mZ) d,mI for every m G N. 
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